
VU Research Portal

Azimuthal Spin Asymmetries in Hadronic Processes

Bomhof, C.J.

2007

document version
Publisher's PDF, also known as Version of record

Link to publication in VU Research Portal

citation for published version (APA)
Bomhof, C. J. (2007). Azimuthal Spin Asymmetries in Hadronic Processes. [PhD-Thesis - Research and
graduation internal, Vrije Universiteit Amsterdam].

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

E-mail address:
vuresearchportal.ub@vu.nl

Download date: 24. May. 2023

https://research.vu.nl/en/publications/f93ee557-3b5a-4dd2-89cc-5dd32bf752da


VRIJE UNIVERSITEIT

Azimuthal Spin Asymmetries
in Hadronic Processes

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad Doctor aan
de Vrije Universiteit Amsterdam,
op gezag van de rector magnificus

prof.dr. L.M. Bouter,
in het openbaar te verdedigen

ten overstaan van de promotiecommissie
van de faculteit der Exacte Wetenschappen
op maandag 1 oktober 2007 om 15.45 uur

in de aula van de universiteit,
De Boelelaan 1105

door

Cedran Jonathan Bomhof

geboren te Amsterdam



promotor: prof.dr. P.J.G. Mulders



The work presented in this thesis is in part based on the following papers:

C.J. Bomhof and P.J. Mulders, The role of gauge invariance in single-spin asymmetries.
To appear in the proceedings of the 15th International Workshop on Deep-Inelastic Scat-
tering and Related Subjects (DIS 2007), arXiv:0706.4017 [hep-ph].

A. Bacchetta, C.J. Bomhof, U. D’Alesio, P.J. Mulders and F. Murgia, The Sivers single-
spin asymmetry in photon-jet production. DESY-07-028 (2007), hep-ph/0703153.

C.J. Bomhof, P.J. Mulders, W. Vogelsang and F. Yuan, Single-transverse spin asymmetry
in dijet correlations at hadron colliders. Phys. Rev. D75, 074019 (2007), BNL-NT-07-9,
RBRC-648, hep-ph/0701277.

C.J. Bomhof and P.J. Mulders, Sivers effect asymmetries in hadronic collisions. AIP Conf.
Proc. 915, 563-566 (2007), hep-ph/0611297.

C.J. Bomhof and P.J. Mulders, Gluonic pole cross-sections and single spin asymmetries
in hadron-hadron scattering. JHEP 02, 029 (2007), hep-ph/0609206.

P.J. Mulders, C.J. Bomhof and F. Pijlman, Universality of single spin asymmetries in hard
processes. Proceedings of the 14th International Workshop on Deep Inelastic Scattering
(DIS 2006), pp. 707-710, hep-ph/0607210.

C.J. Bomhof, P.J. Mulders and F. Pijlman, The construction of gauge-links in arbitrary
hard processes. Eur. Phys. J. C47, 147-162 (2006), hep-ph/0601171.

A. Bacchetta, C.J. Bomhof, P.J. Mulders and F. Pijlman, Single spin asymmetries in
hadron-hadron collisions. Phys. Rev. D72, 034030 (2005), hep-ph/0505268.

C.J. Bomhof, T-odd effects in hadronic scattering processes. Proceedings of RIKEN
BNL Research Center Workshop, Volume 75, BNL-74717-2005, pp. 75-80 (2005).

C.J. Bomhof, Gauge-invariance in hadronic scattering processes. In ‘Hadron Physics’,
Taylor & Francis Group, Eds. I.J.D. MacGregor and R. Kaiser, pp. 421-422 (2006), hep-
ph/0410087.

C.J. Bomhof, P.J. Mulders and F. Pijlman, Gauge link structure in quark-quark correlators
in hard processes. Phys. Lett. B596, 277-286 (2004), hep-ph/0406099.



The work described in this thesis was carried out at the ‘Vrije Universiteit Amsterdam’
and is part of the research program of the ‘Stichting voor Fundamenteel Onderzoek der
Materie’ (FOM), which is financially supported by the ‘Nederlandse Organisatie voor
Wetenschappelijk Onderzoek’ (NWO).



Contents

1 Introduction 1
1.1 Gauge Theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Hadronic Physics and QCD . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Outline of this Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 General Formalism 7
2.1 Parton Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Hadron Tensors and Structure Functions . . . . . . . . . . . . . . . . . . 10
2.3 Operator Product Expansion . . . . . . . . . . . . . . . . . . . . . . . . 13
2.4 Diagrammatic Approach . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.5 Correlators and Distribution Functions . . . . . . . . . . . . . . . . . . . 18
2.6 Single-Spin Asymmetries . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.7 The Role of Gauge Links in Physical Processes . . . . . . . . . . . . . . 27
2.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Gauge Links 35
3.1 SIDIS and Drell-Yan . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 Direct Photon Production . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3 Wilson Lines for General Hard Functions . . . . . . . . . . . . . . . . . 50

3.3.1 Example 1: Distribution in SIDIS and Drell-Yan . . . . . . . . . 52
3.3.2 Example 2: Gluon Distribution in Quark-Gluon Scattering . . . . 53
3.3.3 Example 3: Distribution in Gluon-Gluon Scattering . . . . . . . . 55

3.4 Motivation for Prescription . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4 Physical Processes 65
4.1 Gauge Invariant Parton Correlators . . . . . . . . . . . . . . . . . . . . . 67

4.1.1 Collinear Correlators . . . . . . . . . . . . . . . . . . . . . . . . 67

v



vi CONTENTS

4.1.2 Transverse Momentum Dependent Correlators . . . . . . . . . . 75
4.2 Gluonic Pole Scattering Cross Sections . . . . . . . . . . . . . . . . . . 80
4.3 Hadronic Jet and Pion Production . . . . . . . . . . . . . . . . . . . . . 87

4.3.1 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.3.2 Cross Sections . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.3.3 Phenomenology . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4 Hadronic Photon-Jet Production . . . . . . . . . . . . . . . . . . . . . . 102
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5 Summary and Outlook 111

A Universality-Breaking Matrix Elements 115

B Gluonic Pole Strengths 119

C Cross Sections 123

Samenvatting 129

Acknowledgments 132

Bibliography 133



CHAPTER1
Introduction

1.1 Gauge Theories

It might be argued that the history of physics, as we know it today, started with the dis-
covery by Newton of the equations of motion, now called Newton’s laws. These laws can
be used to predict the trajectory of a pebble tossed in the air, as well as to calculate the tra-
jectory of the earth revolving around the sun! Another highlight in the history of physics
characterized by such a unification of descriptions, is the completion of the laws of clas-
sical electromagnetism in 1864 by James Clerk Maxwell [1]. Maxwell’s laws brought
together the description of electricity, magnetism and optics. The close connection be-
tween the electric and the magnetic fields was definitively sealed in the first decade of the
20th century in the special theory of relativity, where they are considered as just different
components of a single encompassing quantity, the electromagnetic field-strength tensor
Fµν

em. In this language Maxwell’s laws (in the vacuum) read ∂µFµν
em(x)= Jν(x), where Jν

is the charge current density. The compactness of this notation obscures its actual com-
plexity. In fact, it is a set of coupled first order differential equations for the different
components of the rank-2 field-strength tensor (or, if you like, for the electric and mag-
netic fields). A standard mathematical procedure is to convert such a set of equations into
a set of decoupled second order differential equations for a new field, called the potential
field. In the case of Maxwell’s equations the field-strength tensor can be obtained from
this potential field by the relation Fµν

em(x)=∂µAν(x)−∂νAµ(x). It is seen that one can make
a gauge transformation of the potential field

Aµ(x)→ Aµ(x) + ∂µλ(x) , (1.1)

without actually changing the physical quantity, the field-strength tensor (the electric and
magnetic fields). If this gauge freedom is used to have the potential field satisfy the
Lorentz condition ∂µAµ≡0, then Maxwell’s equations can be written as ∂ν∂νAµ(x)= Jµ(x).
In this way one has obtained a decoupled second order differential equation for the vector
field Aµ that is, in general, easier to solve than the set of coupled first order differential

1



2 chapter 1: introduction

equations for the field-strength tensor. It was observed that in the quantum theory for
relativistic particles devised by Paul A. M. Dirac [2] (Nobel Prize 1933), the transforma-
tion (1.1) has to be accompanied by a phase rotation of the spinor field:

ψ(x)→ e−ieλ(x)ψ(x) , (1.2)

for Dirac’s theory to remain invariant [3, 4] (here e is the electric charge of the particle
described by ψ). The fact that Dirac’s theory is invariant under these transformations is
associated with the electromagnetic current being conserved.

In the previous paragraph we have observed that the laws of relativistic electromag-
netism are invariant under certain gauge transformations. Though this is historically the
right chronology, the argument can also be turned around. That is, Dirac’s theory and the
Maxwell equations can be derived from the requirement that the theory should be invari-
ant under the gauge transformations (1.1) and (1.2) and that it is renormalizable (loosely
speaking this means that the theory can be used to make finite-valued predictions), for a
textbook review see e.g. [5]. Looking at relativistic electromagnetism from this point of
view, it is called a gauge theory. In particular, relativistic electromagnetism, more com-
monly known as Quantum Electrodynamics (QED), is called a local U(1) gauge theory,
since the transformation in (1.2) is a complex phase that depends on the space-time point
x. Though it might initially seem like a less intuitive approach to take the transformation
laws (1.1) and (1.2) as a starting point instead of the equations of motion, it has proven to
be the more fruitful point of view. The reason is that this point of view can be generalized
to other theories by requiring that the theory is also invariant under other transformations.
In that way Glashow, Weinberg and Salam were able to combine the electromagnetic
and weak interactions (the weak interaction is the force responsible for radioactive (beta)
decay) into a single theory by requiring it to be invariant under a local SU(2)⊗U(1) trans-
formation (with a spontaneous symmetry breaking to U(1)) [6–8]. This is yet another
example of an amazing unification of theories, a discovery for which they were awarded
the 1979 Nobel Prize.

Apart from the electroweak interaction, there are two other fundamental forces in
nature: gravity and the strong nuclear force. We have the strong nuclear force to thank for
stable atomic nuclei, and hence for the possibility of life and this thesis. The formulation
of the strong nuclear force in terms of a gauge theory has been a long and adventurous
development. Since the topic of this thesis pertains to the subject of hadronic physics, we
will go through some of the highlights of this development in the next section. The theory
of gravity is notoriously complicated when trying to describe it as a quantum field theory
and it is certainly beyond the scope of this text.

1.2 Hadronic Physics and QCD

Hadrons are particles that are subject to the strong nuclear force. For some time protons
and neutrons were the only known hadrons. This situation changed when people started
to perform high-energy particle scattering experiments with particle accelerators and to
analyze cosmic rays. These contained new hadronic matter in abundance and before



1.2. hadronic physics and QCD 3

long the known hadronic spectrum had increased dramatically. In 1964 M. Gell-Mann
(Nobel Prize 1969) and G. Zweig were able to make order in this chaos of new particles
by postulating the existence of quarks [9, 10]. They identified three different types (also
called flavors) of quarks: the u (up), the d (down) and the s (strange) quarks. Today
we know three more of them: the c (charm), the b (bottom) and the t (top) quarks, each
one of them having a corresponding antiparticle. In Gell-Mann’s constituent quark model
the hadrons consist of either three quarks or a quark and an antiquark. For instance, the
proton is built from two up-quarks and one down-quark (uud) and the neutron from one
up-quark and two down-quarks (udd). The ∆++ particle, an excited state of the proton,
consists of three up quarks (uuu). All constituent quarks were assumed to be in the angular
momentum ground state, the s-wavefunction. This, however, led to a problem for the
∆++ particle, because the s-wave is symmetric under the interchange of any two of the
u-quarks, while the Pauli exclusion principle states that the wave function of the ∆++

should be antisymmetric under such an interchange. This problem was solved by O. W.
Greenberg [11] (and independently by M. Y. Han and Y. Nambu [12]) by assigning the
quarks a new quantum number that is now called color charge. To explain the interactions
of the quarks one needs three values for this new quantum number: red r, green g and
blue b. The interaction between the color charges is postulated to be such that the hadrons
are always colorless objects. Colorless objects are obtained by mixing red, green and blue
for hadrons consisting of three quarks or by combining red and antired, etc. for hadrons
consisting of a quark-antiquark pair. By taking a completely antisymmetric color wave
function for the three u-quarks, the total wave function of the ∆++ particle is properly
antisymmetric.

The constituent quark model has been very successful in classifying the hadronic spec-
trum and in explaining the quantum numbers of the hadrons. However, when one takes
a closer look and zooms in on the hadrons one discovers that they actually have a much
richer structure. In fact, a hadron is more like a boiling sea of quarks and gluons (the
potential fields) where gluons are exchanged and quark-antiquark pairs are produced and
annihilated continuously in such a way that the net quantum numbers are those of the
constituent quark model. It was clear that the constituent quark model was not the final
answer yet and search for a gauge theory for the strong nuclear force proceeded. In the
following decade one of the candidate gauge theories now known as Quantum Chromo-
dynamics (QCD) prevailed as the correct one. QCD postulates that the gauge transforma-
tions are local rotations of the color quantum numbers. Since there are three colors it is
an SU(3) gauge theory:

ψi(x)→ Ui j(x)ψj(x) , (1.3a)

Aa
µ(x) ta → U(x) Aa

µ(x) ta U−1(x) − i
g
(
∂µU(x)

)
U−1(x) , (1.3b)

where U(x)=eiλa(x)ta∈SU(3) and ta are the color matrices. The indices i, j∈{r,g,b} are the
color quantum numbers. There are eight potential fields Aa corresponding to the num-
ber of color matrices ta. These potential fields are the gluons. Crucial ingredients that
have helped to establish SU(3)-color as the correct gauge theory for the strong interac-
tion are the proof of Veltman and ’t Hooft (Nobel Prize 1999) that SU(3) (and in general
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any non-Abelian Yang-Mills gauge theory) is renormalizable [13–15] and the observa-
tion by Gross, Politzer and Wilczek (Nobel Prize 2004) that it is an asymptotically free
theory [16–19].

Because QCD is a non-Abelian gauge theory, it is far more complicated than QED.
Consequences of the non-Abelian nature of QCD are such striking properties as confine-
ment and the already mentioned asymptotic freedom. Confinement is the property that
quarks can only appear in groups of two or three (or possibly in the form of pentaquarks
or quark-gluon plasmas). That is, the quarks are always confined inside hadrons and one
quark can never be isolated from the others, no matter how hard you pull on it [18, 20].
The strength of the interaction between the quarks is also an important reason why the
theory of QCD is more complicated than QED. A very useful tool for doing field theoret-
ical predictions is perturbation theory. In perturbation theory one takes an ideal situation
with a known solution as the starting point. The real situation is, then, treated as a small
perturbation of the ideal case, allowing one to approximate it with a truncated Taylor
series around the ideal situation. If the interaction between the particles is sufficiently
small, then one can take the free theory as the ideal situation. This procedure works
remarkably well in quantum electrodynamics, because the size of the electromagnetic
interaction is characterized by the small structure constant α=e2/4π≈1/137�1. The
structure constant αS =g2/4π that characterizes the strong interaction is (in general) much
larger. Therefore, it is not obvious that the ideal free particle situation is a good approxi-
mation in QCD and that perturbation theory should work. Clearly, in perturbation theory
one cannot predict confinement. The (effective) strong coupling constant αS is not a real
constant, however. It is actually a decreasing function of the energy scale, approaching
zero as the energy goes to infinity. This is the property called asymptotic freedom. It
can, therefore, be argued that if the energy becomes large enough, there should be a point
that the strong coupling constant has become sufficiently small for perturbation theory
to be applicable. The physical interpretation is that at high energy the time scale of the
hard interaction is much smaller than the time scale of the processes that bind the quarks
together in the hadrons. On this small time scale one can supposedly treat the quarks as
approximately free particles. This is one of the reasons why a lot of theoretical studies
of the structure of hadrons and QCD are in the high-energy regime. On the practical
side it means that for experimental research increasingly involved setups are required to
generate the high energies, such as those reached at the large particle accelerators that
we know today. In any case, even if energies are large enough for perturbation theory to
be applicable, any description of hadronic processes will involve some non-perturbative
components describing the long time-scale processes that cause confinement. In the next
chapter such a dual description will be employed.

1.3 Outline of this Thesis

The starting point for the field theory for the strong nuclear force, QCD, is invariance un-
der the gauge transformation (1.3). The main topic of this thesis is the role of this gauge
invariance in the theoretical description of high energy hadronic scattering processes. To



1.3. outline of this thesis 5

put the work presented here in a proper historical context, we will in chapter 2 highlight
those topics in high energy phenomenology that most directly concern the material in later
chapters. That chapter is more aimed at concisely giving the general ideas behind the for-
malisms than at giving rigorous derivations. There are excellent textbooks and overview
papers available that give a broader and more thorough treatment of those topics and we
will refer to these where appropriate, though the list of references is by no means exhaus-
tive. Section 2.1 starts by introducing the parton model to present a very intuitive picture
for the reasoning behind the separation in perturbative (hard) and non-perturbative (soft)
physics that is common in high energy phenomenology. These arguments will be made
more formal in section 2.2, where a field theoretical approach will be taken. There, the
soft physics is collected in hadron tensors, which are parametrized in terms of structure
functions. The operator product expansion in section 2.3 provides a mathematical tool
to further separate these objects in hard and soft physics. In that case the soft physics is
associated with the distribution of partons inside the hadrons and the hard physics with
partonic high energy scattering. In section 2.4 we will review the diagrammatic approach,
which is consistent with the operator product expansion whenever it can be applied. The
advantage of the diagrammatic approach is that it offers a good guideline for those pro-
cesses where rigorous factorization theorems based on the operator product expansion
are still lacking. The different types of parton distribution (or fragmentation) functions
that this description embraces can conveniently be summarized in a single object, the par-
ton distribution (or fragmentation) correlator. Section 2.5 is devoted to the study of its
properties.

Single-spin asymmetries have become essential observables for the study of the spin
structure of hadrons. They require polarized scattering processes and will be defined in
section 2.6. In section 2.7, which gives a short description of the work in the rest of
this thesis, it will be argued that the Wilson lines affect the theoretical description of
single-spin asymmetries. The Wilson lines are operators that are required to make the
parton distribution and fragmentation functions invariant under the gauge transformation
in (1.3). They arise as the effect of gluonic initial and final-state interactions. This will be
demonstrated with two examples of increasing complexity. The first example covers the
basic electromagnetic scattering processes called deep inelastic scattering and Drell-Yan
scattering, section 3.1. The second example is a particular contribution to direct photon
production in hadron-hadron scattering, section 3.2. This example serves to introduce the
systematics of the resummation of initial and final state interactions for processes that also
involve the strong nuclear force. Based on that example a prescription will be postulated
in section 3.3 to calculate the Wilson lines for general partonic channels. The motivation
for this prescription, based on Ward-Takahashi identities, is necessarily more technical in
nature and is postponed to section 3.4. Sections 3.3 and 3.4 were taken from ref. [21].

After having taken care of the technical aspects concerning the Wilson lines in chap-
ter 3, chapter 4 will consider the role that these Wilson lines play in single-spin asymme-
tries. The chapter starts by studying their consequences for collinear parton correlators,
section 4.1.1, and (more speculative) for transverse momentum dependent correlators,
section 4.1.2. At that point we are ready to show in section 4.2 that the effect of the
Wilson lines or, stated differently, of the initial and final-state soft gluon interactions is
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that the partonic hard functions in single-spin asymmetries actually involve what will be
termed gluonic pole cross sections, rather than the usual partonic cross sections. The stage
has then been set to apply the formalism to some physical processes. The ones that will
be considered explicitly are pion-pion and jet-jet production (section 4.3) and photon-jet
production (section 4.4) in polarized hadron-hadron scattering. For these processes we
will also make some phenomenological studies in kinematical regimes that can be probed
by existing colliders. Sections 4.1.1 and 4.2 were in part taken from ref. [22], and sec-
tions 4.3.1 and 4.3.2 from ref. [23]. Sections 4.3.3 and 4.4 are strongly based on refs. [24]
and [25], respectively.

We will conclude by giving a summary (chapter 5) of the work presented in this thesis.
Some results for transverse momentum dependent correlators, gluonic pole color factors
and (partonic and) gluonic pole cross section will be listed in the appendices.

1.4 Conventions

Throughout this thesis we will use the natural units. These are defined such that the
velocity of light c in the vacuum and the reduced Planck’s constant (or Dirac’s constant)
} are unity:

c = 1 , } = 1 . (1.4)

In natural units all physical quantities are expressed in mass dimensions. We use the
metric tensor gµν=diag(1,−1,−1,−1) and the rank-4 antisymmetric Levi-Civita tensor
with ε0123 =+1. Braced and bracketed Lorentz indices refer to the symmetric and an-
tisymmetric combinations, respectively. That is, A{µν}≡Aµν+Aνµ and A[µν]≡Aµν−Aνµ.
Color-triplet indices are indicated by the letters i and j, while color-octet indices are
denoted by a, b and c. The color matrices in the 3-dimensional fundamental represen-
tations are proportional to the Gell-Mann matrices: ta = 1

2λ
a. They satisfy the relation

tatb = TF
N δ

ab+ 1
2 (dabc+i f abc) tc, where N =3 is the number of colors and TF = 1

2 is the nor-
malization of the color matrices Tr[tatb]=TF δ

ab. The dabc and f abc are the usual symmet-
ric and antisymmetric structure constants of SU(3):

[ta, tb] = i f abctc , {ta, tb} = 2TF
N δab + dabctc . (1.5)

We use capital letters T a when the representation of the color matrices is not specified.
When they appear with color-triplet indices, we refer to the fundamental (or the defining)
representation (T a)i j = ta

ij and when they appear with color-octet indices, we refer to the
adjoint representation (T a)bc =−i f abc. Repeated indices (such as Lorentz and color in-
dices) are summed over. For the color indices there will be no distinction between super
and subscripts. Unless explicitly stated otherwise we will neglect the masses of the active
quark flavors.



CHAPTER2
General Formalism for Spin-Averaged
and Spin-Dependent Cross Sections

Still today a lot remains unknown about the structure of hadrons. Their structure is cer-
tainly more complicated to comprehend than the structure of, for example, atoms. The
main reason is that, in contrast to atoms, a hadron is not a bound state of a fixed number
of constituents. Conceptually this can be understood as follows. It is a well known quan-
tum mechanical principle that it takes energy to confine a particle to a restricted region
of space. To confine a particle to such small dimensions as that of hadrons, which have
roughly the size of a femtometer (1 fm=10−15 m), requires so much energy that (virtual)
quark-antiquark pairs can be created. According to the Heisenberg uncertainty principle
these pairs will quickly annihilate into a gluon that can create another quark-antiquark
pair later on down the line. In this way particles are constantly created and annihilated
inside the hadrons and it makes no sense to speak of the number of constituents of a
hadron. What does make sense, however, is to consider the probability to find a gluon or
a quark of a particular flavor and with a certain momentum inside a hadron. Because the
partons are so strongly bound within the hadrons, these probability distribution functions
cannot be calculated using perturbation theory. Even at high energy transfer where per-
turbation theory is expected to be applicable, any hadronic calculation will involve such
non-perturbative objects. Hence, the theoretical treatment of high-energy scattering pro-
cesses is a dual description of perturbative and non-perturbative parts. In this chapter we
will give a short (and necessarily incomplete) overview of how this is usually achieved.

The parton distribution functions contain a wealth of information about the structure
of hadrons. Therefore, it should not come as a surprise that a great deal of research has
been directed at measuring them experimentally or approximating them with theoretical
models. By comparing spin-averaged and spin dependent cross sections a lot can be
learned about the spin structure of hadrons. We will treat the spin-averaged and spin
dependent cross sections separately, starting with the spin-averaged case. The simplest
hadronic scattering process is deep-inelastic scattering, and we will use it as a prototypical

7
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example for hadronic scattering throughout this chapter. It will serve the purpose well of
introducing some concepts that we will refer to later.

2.1 Parton Model

In the deep-inelastic scattering (DIS) process `+H→`′+X a high energy lepton scatters
inelastically off a hadronic target. Typically the hadronic target is a proton and the lepton
an electron. The energy transferred from the electron to the proton is far greater than the
proton’s excited states. As a result the proton will fragment, converting the excess energy
into jets of particles in the final state. DIS is a fully inclusive process, meaning that none
of the produced particles in the jets is measured. In the case that the lepton is an electron,
the energy is predominantly transferred to the proton by virtual photon exchange (see
Figure 2.1a). The high virtuality of the photon sets the hard energy scale in this process
Q≡

√
−q2�0. The interaction of the photon with the electron can simply be described

with perturbative QED. The difficulty here lies in the interaction of the virtual photon
with the proton. As stated earlier, the proton is not an elementary particle. Therefore, it
is not clear how the virtual photon interacts with the proton or its constituents. This is
indicated by the shaded region at the interaction point of the virtual photon and the proton
in Figure 2.1a. The parton model offers a very intuitive description of how one can use
deep-inelastic scattering to actually learn something about the structure of the proton in
terms of the partons.

In the parton model devised by Feynman [26] it is assumed that if the energy of the
virtual photon is very high, then one can view the hadronic scattering process in terms of
a partonic scattering process. That is, the virtual photon scatters of a single (free) quark
inside the proton, Figure 2.1b. The quark is knocked out of the proton with large trans-
verse momentum. After the hard photon-quark interaction the quark emits soft radiation
that materializes into a jet of particles moving (approximately) in the direction of the scat-
tered quark. The intuitive justification of the parton model point of view is that at very
high energy transfer the wavelength of the virtual photon has become so small that it can
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‘see’ individual quarks. Also, at very high energies the time scale of the hard photon-
quark interaction is assumed to be much shorter than the time scale of the soft radiation
processes that are responsible for confining partons into bound states and that govern the
fragmentation processes in the final state. On the short time scale of the hard process the
partons can supposedly be regarded as essentially free [27,28] (for a more extensive and
comprehensive discussion of these points see, e.g., ref. [29]). Hence, in the parton model
the deep-inelastic scattering cross section dσeH→eX is given in terms of the elementary
electron-quark scattering cross section dσ̂eq→eq times the probability φq/H(x) to find the
quark q with momentum fraction x (i.e., p= xP) inside the hadron H:

dσeH→eX

dxB dQ2 =

∫
dx

∑

flavors

δ(x−xB) φq/H(x)
dσ̂eq→eq

dx dQ2 , (2.1)

where xB is the Bjorken scaling variable xB≡−q2/2P·q. There is a summation over all
possible flavors, since it is not known what the flavor of the scattered quark is. At tree
level (i.e. the Born approximation) the hard scattering is just an electromagnetic interac-
tion and, hence, the elementary scattering cross section dσ̂eq→eq can be calculated using
perturbative QED:

dσ̂eq→eq

dx dQ2 = e2
q

2πα2

Q4

(
1+

(
1− Q2

xs

)2)
, (2.2)

where eq is the electric charge of the quark in units of e (the charge of the proton) and s
is the square of the total center of mass energy of the hadronic process s≡ (P+`)2 = E2

cm.
The probability distribution functions φq/H are called parton distribution functions. As
argued in the introduction of this chapter, they are inherently non-perturbative objects
and cannot be fully calculated from first principles (at least up to today). This would
mean that expressions such as (2.1) have limited predictive value. For that reason one
usually makes the proposition of universality of parton distribution functions. That is,
the distribution of partons inside a certain hadron is assumed to be the same, regardless
of the process in which it is probed. If that is indeed the case then, once that the parton
distribution functions have been measured in one process (such as in DIS), the measured
distribution functions can be used as input for the hadronic scattering cross sections of
other processes, such as for instance the Drell-Yan process H1+H2→`+ ¯̀+X (Figure 2.2).
Hence, with this conjecture of universality the parton model (and the field theoretical ap-
proach in the next sections) is a theory with predictive power. For a review about the
experimental measurement of parton distribution functions, see e.g. [30]. We end this
paragraph by noting that the hard interaction is mediated by weak gauge bosons instead
of photons in (anti)neutrino deep-inelastic scattering, since neutrinos are uncharged parti-
cles. This allows for the disentanglement of parton distribution functions of (anti)quarks
with different flavor [31]. See e.g. [32] for a comparison of the distribution functions of
all the valence and sea quarks.

Though the parton distribution functions cannot be calculated from first principles,
one can try to guess how the partons are distributed inside a hadron. By inserting a model
for the parton distribution functions in expression (2.1) and by comparing this with the
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measured hadronic cross section, one can learn something about the distribution of quarks
and gluons in hadrons. Some models of common use are the spectator quark models, the
bag models and the soliton models. See e.g. [33] for an overview of the spectator model
and a list of references for that and the other models.

2.2 Hadron Tensors and Structure Functions

The parton model offers a very intuitively appealing model, but after the invention of QCD
one can take a more field theoretical approach to describing hadronic scattering processes.
QCD is defined to be a theory that is invariant under the gauge transformations (1.3) and
that is renormalizable (and that conserves parity and time reversal). The Lagrangian that
obeys these restrictive requirements has the form originally proposed by C. N. Yang and
R. L. Mills [34]:

LYM =
∑

q
ψq(x) (i /D−mq)ψq(x) − 1

2 Tr
[
Fµν(x)Fµν(x)

]
, (2.3)

where the covariant derivative /D≡γµDµ and the field-strength tensor Fµν≡Fa
µν ta are

three-dimensional matrices in color-space. They are defined by

Dµ = ∂µ − igAa
µ(x) ta , (2.4)

Fµν =
i
g

[Dµ,Dν] . (2.5)

Their behavior under color-rotations follows directly from those of the quark and gluon
fields (1.3):

Dµ(x)→ U(x) Dµ(x) U−1(x) , Fµν(x)→ U(x) Fµν(x) U−1(x) . (2.6)

The super/sub-script q in the Lagrangian (2.3) indicates the quark flavor. In the rest of
this text this index and the summation over all flavors will usually be suppressed. For
quantization purposes it is common to add gauge-fixing and ghost terms to the full QCD
Lagrangian [15,35–38]. We will restrict ourselves here to just mentioning this fact and to
referring to the existing literature.

In the previous section we have advocated that at sufficiently high energies one can
make a factorization of hard and soft physics (such as in expression (2.1)). Some heuristic
arguments were given based on the short time-scale of the hard process and the short
wavelength of the virtual photon. The field theoretical justification of this point of view
is provided by asymptotic freedom [18, 19]. Asymptotic freedom is the observation that
the strong coupling constant αS ≡g2/4π is not really a constant, but rather a uniformly
decreasing function of the energy scale (see Figure 2.3). This allows one to quantify
what ‘sufficiently high energy’ means. That is, at energies where the coupling constant is
(substantially) smaller than 1. From Figure 2.3 it is seen that this means that the energy
scale should at least be of the order of GeV’s. From here on we will assume that this is
the case for all hadronic scattering processes that we consider.
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Figure 2.3: The running coupling constant αS (Q)∝1/ log(Q/ΛQCD), with
ΛQCD≈200 MeV≈1 fm−1 (for an overview and a list of references, see e.g. [39]).

After these remarks we write down the expression of the scattering amplitude in Fig-
ure 2.1a in terms of field operators:

A = 〈`′| eJν(0) |` 〉 i
q2 〈X| eJν(0) |P,S 〉 , (2.7)

where Jµ is the electromagnetic current operator (in units of e) and |`〉 and |P,S 〉 are the
electron and proton states, respectively. The latter contains all the soft physics that is
responsible for confinement and it is an intrinsically non-perturbative object. To prevent
vacuum transitions from contributing we take all matrix elements appearing in this thesis
to be connected matrix elements. The deep-inelastic scattering hadronic cross section is
often expressed in terms of the Bjorken variable xB and the variable y, which is defined in
terms of the Mandelstam variables of the partonic subprocess:

y = − t̂
ŝ
, (2.8)

or in terms of the external momenta of the deep-inelastic scattering process y= P·q/P·`
(neglecting masses). In the laboratory frame it equals the relative energy transfer y=q0/`0
= (E`−E`′)/E`. The physical situation corresponds to positive energy transfer in the lab-
oratory frame q0>0. In addition, the final unobserved hadronic state |X〉 is a physical
state with invariant mass greater (or equal to) the mass of the original proton. From these
requirements it follows that the invariants are restricted to the kinematical region

0 6 xB 6 1 , 0 6 y 6 1 . (2.9)

We consider the deep-inelastic limit Q2≡−q2 = xBys→∞ such that xB and y remain in the
physical region (2.9). This is called the Bjorken limit. Since the deep-inelastic scattering
cross section is proportional to the square of the scattering amplitude (2.7), it is seen to
be separable in a leptonic part L µν and a hadronic part Wµν:

dσeH→eX = (2π)4δ4(q+P−PX)
1
2s
|A|2 dΠ =

α2

Q4 yM L µνWµν dxB dy dφ`′ , (2.10)

where φ`′ is the azimuthal angle of the outgoing lepton and dΠ the phase-space element
of the final state. The matrix elements have been collected in the lepton tensor

L µν = 〈` | Jµ(0) |`′〉〈`′| Jν(0) |` 〉 , (2.11)
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and the hadron tensor

Wµν =
1

4πM

∫∑
X

(2π)4δ4(q+P−PX) 〈P,S | Jµ(0) |X〉〈X| Jν(0) |P,S 〉 (2.12a)

=
1

2M

∫
d4ξ

2π
eiq·ξ 〈P,S | [Jµ(ξ) , Jν(0)

] |P,S 〉 , (2.12b)

where
∫∑

X contains a summation over all possible final states |X〉 and an integration over
the corresponding phase-space. In the last step we have used that the second term of the
current commutator vanishes in the physical region (2.9) and completeness of the final
states

∫∑
X |X〉〈X| ≡

�
has been assumed.

The lepton tensor can be calculated using perturbative QED, since the electron state
|`〉≡b†(`)|0〉 is a one-particle state of an elementary Dirac fermion. Using the plane wave
expansion for free fermions the electron matrix elements take on the more familiar form
〈`′| Jν(0) |`〉=u(`′,λ′)γνu(`,λ). With these expressions for the electron matrix elements
the lepton tensor can be evaluated

L µν = δλλ′
(

2`{µ`′ν}−Q2gµν+2iλε µνρσqρkσ
)
, (2.13)

where λ is the helicity of the electron. For unpolarized electrons the antisymmetric part
of the lepton tensor vanishes. A similar derivation cannot be set up for the hadron tensor,
since it contains the compound state |P,S 〉. A common way to proceed is to make a
parametrization of the hadron tensor in terms of tensor structures and structure functions.
The number of tensor structures that appear in such a parametrization is restricted by
the conservation of the electromagnetic current ∂µJµ≡0. For the hadron tensor (2.12)
this translates to the requirement qµWµν=qνWµν≡0. Also hermiticity and the discrete
symmetries of QCD can be used to derive restrictions:

hermiticity: Wµν(q;P, S ) = Wνµ∗(q;P, S ) , (2.14a)

parity: Wµν(q;P, S ) = Wµν(q;P,−S ) , (2.14b)

time reversal: Wµν(q;P, S ) = W∗
µν(q;P, S ) . (2.14c)

The vectors with an overline are obtained from the unbarred vectors by a parity transfor-
mation. That is, if aµ= (a0,a), then aµ= (a0,−a)=aµ. For spin- 1

2 hadrons the most general
parametrization satisfying these requirements is

Wµν =
1
M

(
−gµν+

qµqν

q2

)
F1 +

1
M

(
Pµ−P·q

q2 qµ
)(

Pν−P·q
q2 qν

) F2

P·q
+ M G1 iε µνρσqρSσ +

G2

M
iε µνρσqρ

{
(P·q)Sσ − (S ·q)Pσ

}
.

(2.15)

The coefficients in this parametrization are the structure functions. Just as for the lepton
tensor the antisymmetric part of the hadron tensor vanishes for unpolarized protons (or
more precisely, for an unpolarized ensemble of protons). The well-known expression
for the unpolarized hadronic cross section in terms of the structure functions is obtained
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by inserting the symmetric parts of the lepton tensor (2.13) and the hadron tensor (2.15)
into (2.10), see e.g. [40]:

dσeH→eX

dxB dy
=

4πα2y
Q2

[
F1 +

( 1−y
x2

B y2 −
M2

Q2

)
xBF2

]
. (2.16)

The expression for the hadronic cross section (2.16) allows one to determine the struc-
ture functions from experiment. Though this enables one to test some important predic-
tions of QCD such as the scaling property of the structure functions at tree-level (we will
shortly return to this property in section 2.5), the predictive power of the procedure is lim-
ited to deep-inelastic scattering. That is because the hadronic tensor (2.12) is particular to
DIS. Other processes (e.g. Drell-Yan or one-particle inclusive deep-inelastic scattering)
will involve different hadron tensors with different structure functions. Some processes
do not allow a decomposition in hadron and lepton tensors at all, an important example
being inclusive pion production in proton-proton scattering (see chapter 4). Therefore, an
expression in the parton model form (2.1) seems more useful. Such a factorized formula
can be obtained by using the Operator Product Expansion.

2.3 Operator Product Expansion

In expression (2.10) a separation was made in a hadron tensor and a perturbatively cal-
culable lepton tensor. The hadron tensor contains the proton bound states and cannot
be calculated perturbatively. In the previous section we proceeded by making a parame-
trization of the hadron tensor in terms of structure functions. The disadvantage of this
procedure is the process-dependence of the approach: a determination of the structure
functions in DIS has limited use when treating other scattering processes. In this section
the Operator Product Expansion (OPE) will be used to make a further separation of the
hadron tensor (2.12) in perturbative and non-perturbative elements, with the eventual goal
of obtaining a factorized formula involving universal parton distribution functions.

First of all we note that it can be shown that the matrix element in the hadron ten-
sor (2.12b) becomes singular as the separation of the two currents vanishes ξ2→0 (see e.g.
[41]). Hence, the hadron tensor is, from a mathematical point of view, somewhat of an ill-
defined object. On those grounds we manipulate the equation (2.12b) into another form by
inserting the expression of the free-field electromagnetic current Jµ(ξ)= eq :ψ(ξ)γµψ(ξ) :.
With this expression the current commutator can be written as (a summation over quark
flavors is implied)

[
Jµ(ξ) , Jν(0)

]
= e2

q :ψ(ξ)γµ S (ξ)γνψ(0) : − e2
q :ψ(0)γν S (−ξ)γµψ(ξ) : , (2.17)

where S (ξ)=S (−ξ) is the anticommutator function

Si j(ξ) =
{
ψi(ξ) , ψj(0)

}
= (i /∂ + m)i j

∫
d4k

(2π)4 e−ik·ξδ(k2−m2) sign(k0) . (2.18)

The expression obtained by inserting (2.17) into the definition of the hadron tensor (2.12)
is represented pictorially in Figure 2.4. The dotted line denotes taking the imaginary part
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of the diagram, which is most easily achieved using cutting rules [42]. The interpretation
presents itself: the first term represents the process where the virtual photon scatters off

one of the hadron’s quarks (compare to Figure 2.1 for the parton model picture) and the
second term the same for an antiquark.

For massless fields the anticommutator function becomes S (ξ)= 1
2π /∂ δ(ξ2) sign(ξ0) as

ξ2→0 [43]. This confirms the earlier claim that the current commutator becomes singular
as the lightcone separation of the two electromagnetic current operators vanishes. It also
shows what the separation in (2.17) has accomplished: it has disentangled the singular
behavior of the current commutator into divergent c-numbers (the anticommutator func-
tions) and well-behaved matrix elements (they are indeed well-behaved, since the fields
appear normal-ordered). Referring again to Figure 2.4 it is seen that this corresponds to
a separation of the hard lightcone perturbative physics from the soft physics describing
the hadronic bound state. We will show in the following sections that this establishes the
factorization of the hadronic cross section in terms of partonic cross sections and parton
distribution functions, as in the parton model (2.1).

The expression in (2.17) is, in fact, the free-field example of the operator product
expansion. The OPE, first proposed by K.G. Wilson [44] and subsequently proven to all
orders in perturbation theory by W. Zimmermann [45] expresses a product of operators
that becomes singular as the operators approach the same point in terms of a sum of non-
singular local operators Oi (see, e.g., ref. [46] for a comprehensive textbook review of the
OPE):

A(x) B(y) =
∑

i
Ci(x−y) Oi

( 1
2 (x+y)

)
, (2.19)

where the Ci(x−y) are c-numbers that contain all the singularities of the product of op-
erators on the l.h.s. of the equality. For interacting theories the operators Oi and the
c-numbers Ci will generally also depend on the normalization scale µ. Though the OPE
provides a mathematically sound foundation for factorization in DIS, its major deficiency
is its limitation to a restricted set of processes. For instance, the procedure outlined above
cannot be repeated for semi-inclusive deep inelastic scattering (SIDIS), see Figure 2.5.
Due to the explicit appearance of an observed hadron in the out-state |h,X〉, the operator
product expansion in (2.19) cannot be used. An alternative procedure to also deal with
such processes is provided by the diagrammatic approach.
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2.4 Diagrammatic Approach

The diagrammatic approach provides an alternative method to the OPE when calculating
hadronic cross sections (see, e.g., refs. [47–49] for the diagrammatic approach including
power corrections). In the diagrammatic approach a separation of the hadronic cross sec-
tion in hard partonic parts (i.e. truncated Green’s functions with approximately on mass-
shell external particles) describing the hard lightcone physics and soft parts corresponding
to the hadron→parton transitions is assumed, rather than rigorously proven. For instance,
in DIS the diagram in Figure 2.1b is the starting point of the calculation. However, in
the diagrammatic approach this is just the tree-level contribution: corrections to the hard
part and other contributions with more partons participating in the hard scattering should
also be taken into account. If these power corrections are properly accounted for it can
be shown that the diagrammatic approach reproduces the results of the operator product
expansion (2.19), whenever it is applicable [48,49].

We will treat the tree-level contribution to some detail (we closely follow the treat-
ment of the diagrammatic approach in ref. [50]). It is obtained from Figure 2.1b by
writing down the perturbative elements for the different parts of the diagram. We will
specifically consider the hadron tensor, which corresponds to the lower part of the dia-
gram. In terms of field operators its expression is u(k) ieqγ

ν 〈X|ψ(0)|P,S 〉. The u(k) is
the free-quark spinor of the outgoing quark (suppressing the flavor index) and the matrix
element 〈X|ψ(0)|P,S 〉 describes the extraction of a quark from the proton and the proton’s
subsequent fragmentation. In the cross section this amplitude appears multiplied by its
hermitian conjugate. This is represented by the first diagram in Figure 2.4, where the
dotted line now represents the final state with a summation over all possible final states
and the associated integration over the final state phase-space. The full expression of this
diagram in the diagrammatic approach, then, becomes

Wµν =
1

2M

∑
q

∫∑
X

∫
d4p

(2π)4

∫
d4k

(2π)4 θ(k0)δ(k2−m2
q)

× (2π)4δ4(p+q−k) (2π)4δ4(P−PX−p)

× [
u(k) ieqγ

ν 〈X|ψ(0) |P,S 〉 ] [
u(k) ieqγ

µ 〈X|ψ(0) |P,S 〉 ]†

=
1

2M

∑
q

e2
q

∫
d4ξ

(2π)4

∫
d4p eip·ξ θ(p0+q0)δ

(
(p+q)2−m2

q
)

× 〈P,S |ψ(0) γµ ( /p+/q+mq) γν ψ(ξ) |P,S 〉 . (2.20)

In the physical region (2.9) this is readily seen to correspond to the first term of the opera-
tor product expansion in equation (2.17) inserted in the hadron tensor (2.12b). The second
term in equation (2.17) is obtained by also taking the antiquark scattering contribution into
account.

Before pursuing the analysis of the hadron tensor any further, we will first take a closer
look at the kinematics of the DIS process. Since the diagrammatic approach assumes the
presence of a hard scale Q, which in the case of DIS is the virtuality of the exchanged
photon, one can make an expansion of the cross section in inverse powers of this hard
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scale. This is usually referred to as the twist expansion, with terms that scale as Q0 called
(operational) twist two, terms that scale as Q−1 called twist three, etcetera. To facilitate the
twist expansion of the cross section it is advantageous to make a Sudakov decomposition
of the parton momenta involved in the hard scattering. For fast moving hadrons (in the
infinite momentum frame) it is assumed that its partons are approximately co-moving.
That is, if the momenta of the hadron and the parton are P and p, respectively, then these
momenta are supposed to be almost collinear p≈ xP. With this in mind, the Sudakov
decomposition of the parton momentum is written as

pµ = x Pµ
+ σnµ + pµT , (2.21)

where the corrections to the collinear term are power suppressed. The Sudakov vector
n is an arbitrary light-like vector n2≡0 that is conjugate to the proton’s momentum. Its
coefficient

σ =
p·P− xM2

P·n , (2.22)

typically appears suppressed by two powers of the hard scale Q as compared to the col-
linear term. We will choose the Sudakov vector such that P·n is positive and of the order
of the hard scale. The vector pT ∝O(Q0) is called the intrinsic transverse momentum of
the parton. It is perpendicular to both P and n, pT ·P= pT ·n≡0, and is suppressed by one
power of the hard scale with respect to the collinear term. Vectors in the transverse plane
can be obtained by using the transverse projectors

gµνT = gµν − P{µnν}

P·n , ε
µν
T =

1
P·n ε

µνρσPρnσ . (2.23)

The longitudinal SL and transverse ST components of the spin of the hadron are defined
through

S µ
=

SL

M

(
Pµ − M2

P·n nµ
)

+ S µ
T , (2.24)

with S 2
L +S2

T =1. Also the momentum of the virtual photon can be expanded in the Su-
dakov vectors. Choosing the vector n such that q2

T ∝O(Q0), one has up to subleading
twist

qµ = −xBPµ
+

Q2

2xB

1
P·n nµ + qµT . (2.25)

We end the intermezzo on the kinematics by noting that the expansions in (2.21) and (2.25)
are not lightcone expansions, since the momentum of the proton is not a light-like vector.
Lightcone expansions are easily obtained by writing the momentum of the proton as

Pµ
= (P·n)nµ+ +

M2

2P·n nµ , (2.26)
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where n+ is a light-like vector, n2
+≡0, such that n+·n=1. With the plus and minus compo-

nents of a vector aµ we refer to a+≡a ·n and a−≡a ·n+, respectively. Since the coefficient
of the vector n is suppressed by two powers of P·n∝Q, we will in the deep-inelastic limit
usually identify the vectors Pµ and the light-like vector (P·n)nµ+.

With the Sudakov decomposition (2.21) the phase-space element in the hadron ten-
sor is d4p=dxd(p·P)d2pT and the delta-function becomes a constraint on the momentum
fraction δ((p+q)2−m2

q)≈ xB δ(x−xB)/Q2, up to subleading twist. Hence, retaining only the
leading terms in the hard scale, the expression for the hadron tensor (2.20) can be written
as

W µν =
1

2M
1

2P·n
∑

q
e2

q Tr
[
Φ(xB)γµ /nγν

]
, (2.27)

where Φ(x) is obtained from the object

Φi j(p;P,S ) =

∫
d4ξ

(2π)4 eip·ξ 〈P,S |ψj(0)ψi(ξ) |P,S 〉 , (2.28)

by integrating over the quark’s momentum components p·P and pT :

Φi j(x) =

∫
d(p·P)d2pT Φi j(p) =

∫
d(ξ·P)

2π
eip·ξ〈P,S |ψj(0)ψi(ξ) |P,S 〉⌋LC . (2.29)

The subscripts i and j are spinor indices and a trace over the color quantum numbers is
understood. Note that Φ(x) is a matrix element defined on the lightcone LC (ξ·n≡ξT ≡0)
and that it has mass-dimension 1. Comparing the expression (2.27) for the quark contribu-
tion to the hadron tensor with the first diagram in Figure 2.4, one sees that the object Φ(p)
is pictorially represented by the shaded region in the lower part of that Figure. It is called
the quark correlator and it describes the extraction of a quark from the hadron. The gain
of expression (2.27) over (2.12) is that the non-perturbative hadronic states have been col-
lected in a quark correlator that re-emerges in other processes with a hadron→quark tran-
sition (though possibly without an integration over intrinsic transverse momentum pT ).
The advantage is obvious: if one takes the quark correlator as the object to parametrize
(as will be done in the next section), then this parametrization can be reused in every
process with hadrons in the initial-state. This should be contrasted with the hadron tensor
that (in general) will have a different parametrization in every process.

To illustrate the re-emergence of the quark correlators we mention semi-inclusive deep
inelastic scattering (SIDIS), Figure 2.5. First of all we make the assumption in the dia-
grammatic approach that the observed hadron in the final state can be assigned to the
scattered quark when we work in the kinematical region where the momenta of the in-
coming P and the outgoing Ph hadrons have a large overlap. That is, we assume that when
P·Ph∝O(Q2) the process in Figure 2.6a dominates and that the process in Figure 2.6b can
be discarded. The cross section, then, is given by

dσ =
α2

Q4 yM LµνWµν dxB dydφ`′
d3Ph

2EPh

, (2.30)
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Figure 2.6: Two possible scenarios for semi-inclusive deep inelastic scattering:
the observed hadron in the final state pertains to the jet originating from the
scattered quark (a) or to the jet of the fragmenting initial-state hadron (b).

with the same lepton tensor as in inclusive deep-inelastic scattering and with the hadron
tensor in Figure 2.7 (suppressing the summation Σqe2

q over quark flavors)

W µν =
1

2M

∫
d4pd4k δ4(p+q−k) Tr

[
Φ(p)γµ∆(k)γν

]
. (2.31)

The hadron→quark transition is again described by the quark correlator Φ(p), while the
quark→hadron transition in the final state is given by the quark fragmentation correlator

∆ i j(k;Ph,Sh) =

∫∑
X

∫
d4ξ

(2π)4 e−ik·ξ 〈0|ψi(0) |Ph,Sh;X〉〈Ph,Sh;X|ψj(ξ) |0〉 . (2.32)

The explicit appearance of the final state |Ph,Sh;X〉 in the fragmentation correlator has
important consequences when considering single-spin asymmetries. We will come back
to this point in section 2.6 and 4.1.1. For now we would just like to note that in the ap-
proach sketched above all hadronic processes can be written in terms of a limited number
of parton correlators. By parametrizing these correlators instead of directly the hadron
tensor one arrives at an expression similar to the parton model expression (2.1) involving
(supposedly) universal partonic distribution and fragmentation functions.

2.5 Correlators and Distribution Functions

In this section we will consider the properties of the quark correlator and its parametri-
zation. The coefficients in this parametrization are commonly referred to as distribution
functions. The structure functions appearing in the parametrization of the hadron tensor
can be expressed in terms of these. We will give the (unpolarized) structure functions in
terms of the quark correlator. By comparing the coefficients of gµν in equations (2.15)
and (2.27) (this is most conveniently done using the identity γ µγργν=−gµνγρ+gρ{µγν}

−iε µρνσγσγ5 in (2.27)) one obtains F1, while F2 can then for instance be found by con-
tracting the expressions in (2.15) and (2.27) with gµν. In this way one finds that in the
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Figure 2.7: The hadron tensor in semi-inclusive deep-inelastic scattering (SIDIS).

Bjorken limit the structure functions are given by

F2 = 2xB F1 =
∑

q
xB e2

q
Tr

[
Φ(xB) /n

]

2P·n . (2.33)

This proportionality between the two unpolarized structure functions is the Callan-Gross
relation [51]. Inserting these expressions for the structure functions in the cross sec-
tion (2.16) it is seen that this equals the parton model cross section (2.1) if one identifies
the projection Tr

[
Φ(xB) /n

]
/2P·n with the quark probability distribution φq/H(xB). This

identification is further supported by noting that the projection is a combination of the
‘good’ fields only Tr

[
Φ /n

]∝〈ψ†+ ψ+〉. In the lightcone gauge Aa·n≡0 the good fields
ψ+≡ 1

2 /n+ /nψ are the dynamical variables, while the bad fields ψ−≡ 1
2 /n /n+ ψ are not inde-

pendent variables and can be expressed in terms of the good fields, see e.g. [52, 53].
Therefore, one can make a Fourier expansion (at ξ·n=0) of the good fields in terms of
plane wave solutions of the Dirac equation

ψ+(ξ) =
1

(2π)3

∞∫

0

dp+

2p+

∫
d2pT

∑

λ

{
uλ+(p)e−ip·ξ bλ(p) + 3λ+(p)eip·ξ d†λ(p)

}
. (2.34)

Using this expansion and the restriction xB>0 the projection can be written as (see, e.g.,
refs. [54,55])

Tr
[
Φ(xB) /n

]

2P·n ∝
∫

d2pT

(2π)2

∑
λ
〈P,S |b†λ(xB,pT )bλ(xB,pT ) |P,S 〉 , (2.35)

which is the expectation value of the number operator in the proton state for unpolarized
quarks with momentum fraction xB.

Having associated the projection of the quark correlator with the unpolarized quark
probability distribution, the parametrization of the quark correlator is expected to be of
the form Φ(x)= 1

2φq/H(x) /P+ · · · . As the collinear quark probability functions φq/H(x)
only depend on the momentum fraction, it is seen from the relation (2.33) that in the
Bjorken limit the structure functions are functions of the Bjorken variable xB only and do
not depend on the hard scale Q [56]. This property is called scaling. As for the vector pro-
jection considered here, it can be shown that the pseudo-vector projection Tr

[
Φ(x) /nγ5

]

is proportional to the helicity distribution (distribution of longitudinally polarized quarks
in a longitudinally polarized hadron) and that Tr

[
Φ(x) [ /n,γi]γ5

]
is proportional to the
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transversity distribution (distribution of transversely polarized quarks in a transversely
polarized hadron) [54,55].

At this point we should mention an important demerit of the arguments presented
above. Obviously, the quark correlator as given in (2.28) is not invariant under the gauge-
transformations (1.3), since the gauge transformations are local transformations and the
correlator involves a bilocal product of quark fields. The solution is to connect the quark
fields with a gauge link

UC
[ζ;ξ] = P exp

[
−ig

∫

C
dη · Aa(η)T a

]
, (2.36)

where C is an integration path with endpoints ζ and ξ. The P denotes a path-ordering.
That is, taking ηµ(s) with s∈ [0, 1] and ηµ(0)=ζ µ and ηµ(1)=ξµ as a parametrization of
the integration path, the path-ordered exponential is explicitly defined by

UC
[ζ;ξ] = 1 − ig

∫ 1

0
ds

dηµ(s)
ds

Aa
µ

(
η(s)

)
T a

+ (−ig)2
∫ 1

0
ds1

∫ s1

0
ds2

dηµ1 (s1)
ds1

dηµ2 (s2)
ds2

Aa1
µ1

(
η(s1)

)
T a1 Aa2

µ2

(
η(s2)

)
T a2

+ · · · . (2.37)

The gauge link goes under many different names. Wilson line, parallel transporter and
comparator are some other ones, to name just a few. Under a color rotation it transforms
according to

UC
[ζ;ξ] → U(ζ)UC

[ζ;ξ] U−1(ξ) . (2.38)

Note that the gauge link is a matrix in color-space, whose representation is the same as
that of the color-matrices T a in expression (2.36). From the properties (1.3) and (2.38) it
is seen that a quark field at the point ξ that is multiplied by the gauge link (2.36) trans-
forms under a color rotation as a field at the space-time point ζ (hence the name parallel
transporter). Therefore, using the gauge link one can construct a transverse momentum
dependent (TMD) quark correlator defined on the light-front LF (ξ·n≡0) that is properly
invariant under color gauge-transformations:

Φ
[U]
i j (x,pT ) =

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ 〈P,S |ψj(0)U[0;ξ] ψi(ξ) |P,S 〉 ⌋LF . (2.39)

From the definition of the gauge link (2.37) it is seen that the expression in (2.39) is not
just a matrix element of two quark fields. Rather, it is a sum of matrix elements ΦA···A
with two quark fields and a varying number of additional gluon fields, see Figure 2.8.
Indeed, in the diagrammatic approach diagrams with additional gluons coupled to the hard
function are not power suppressed if these gluons are polarized collinear to the parent
(or daughter) hadron. These contributions can all be resummed resulting in the gauge-
invariant correlator (2.39) coupling to the tree-level hard function [57]. We will give
some explicit examples of this resummation in the next chapter.
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Figure 2.8: The gauge-invariant quark correlator seen as the sum of matrix elements of
two quark fields and a varying number of collinear gluon fields that couple to the hard
function (to both sides of the cut).

It is the gauge-invariant quark correlator (2.39) that we will parametrize. To that end
we note that under complex conjugation and parity it behaves as follows (its property
under time-reversal will be considered in the next two sections)

hermiticity: Φ[U](x,pT ;P,S ) = γ0 Φ[U]†(x,pT ;P,S
)
γ0 , (2.40a)

parity: Φ[U](x,pT ;P,S ) = γ0 Φ[U](x,−pT ;P,−S
)
γ0 . (2.40b)

With these requirements the leading twist parametrization of the TMD quark correlator is
written as

Φ[U](x,pT ;P,S ) = 1
2

{
f1(x,p2

T ) /P + 1
2 h1T (x,p2

T )γ5[ /ST , /P]

+ SL g1L(x,p2
T )γ5 /P +

pT ·ST

M
g1T (x,p2

T )γ5 /P

+ SL h⊥1L(x,p2
T )γ5

[ /pT , /P]
2M

+
pT ·ST

M
h⊥1T (x,p2

T )γ5
[ /pT , /P]

2M

+ ih⊥1 (x,p2
T )

[ /pT , /P]
2M

− ε
pT ST
T

M
f⊥1T (x,p2

T ) /P
}
. (2.41)

From this the parametrization of the collinear correlator is straightforwardly obtained

Φ(x;P,S ) = 1
2
{

f1(x) /P + SL g1(x)γ5 /P + 1
2 h1(x)γ5[ /ST , /P]

}
, (2.42)

where the collinear quark distribution functions f1(x), g1(x) and h1(x) are obtained from
the TMD distribution functions f1(x,p2

T), g1L(x,p2
T) and h1T(x,p2

T)+(p2
T /2M2)h⊥1T(x,p2

T), re-
spectively, by integrating over the intrinsic transverse momentum pT . For the distribution
functions we have adopted the Mulders-Tangerman naming scheme [58]. Comparing this
parametrization with the discussion at the beginning of this section, it is seen that the un-
polarized quark probability distribution function φq/H(x) has been replaced by the quark
distribution function f1(x) (and similarly the functions g1 and h1 relate to the distributions
of longitudinally and transversally polarized quarks, respectively). The presence of the
Wilson line between the quark fields in the correlator obscures the derivation of an ex-
pression analogous to (2.35) for f1(x) and it is not immediately clear if this distribution
function can be interpreted as a probability distribution. Accordingly, the distribution
functions in (2.41) and (2.42) could also depend on the energy scale Q2 (throughout this
text the Q2 is suppressed as an argument of the distribution and fragmentation functions,
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even though such a dependence is understood), see e.g. [59]. The gauge link in the col-
linear correlator is a straight Wilson line in the lightcone n-direction (the ligh-like vector
in the Sudakov decomposition (2.21) of the quark’s momentum which can be different
for each observed hadron), since it is obtained from the resummation of gluons that are
polarized along the momentum of the hadron. Hence, in the lightcone gauge Aa·n≡0 the
Wilson line reduces to the identity operator and at first sight it seems that f1(x) can be
interpreted as the unpolarized collinear quark probability distribution. In TMD correla-
tors, however, the gauge link consists of pieces in the n-direction as well as pieces in
the transverse direction. Consequently the entire Wilson line cannot be gauged away for
all processes (we will return to this point in section 2.7). Accordingly, there is no true
consensus on the question whether or not the distribution functions can be interpreted
as probability distributions, see e.g. [60–62]. We will not elaborate on that question any
further in this thesis. Ultimately, what matters most is the question of universality of the
distribution and fragmentation functions. Obviously, universality is desired if one wishes
to correlate different scattering processes to each other. The appropriate framework to
investigate this topic is through factorization theorems. For some basic processes such
factorization formulas have been established (for both the collinear as the transverse mo-
mentum dependent cases), see e.g. [63–70]. In processes such as proton-proton scattering
with hadronic final states the universality of parton distribution and fragmentation func-
tions is particularly intricate. Correspondingly, for most of those processes there are (at
the time of writing) no well-established TMD factorization theorems. The rest of this the-
sis will mainly be concerned with the role of the gauge links for instance in the question
of universality. However, this topic is still in its infancy and a lot of developments may be
expected in the coming years.

As is seen from their definitions in terms of the correlator (2.39), the quark distribution
functions are diagonal matrix elements. In exclusive scattering processes (where all final
state particles are observed) also non-diagonal matrix elements occur. The quark corre-
lator in expression (2.39) can be considered as their forward limit. For that reason, the
non-diagonal matrix elements are referred to as generalized parton distributions (GPDs).
The study of these functions has proven to be a fruitful field of research. For instance, the
GPDs are believed to provide a probe for quark orbital angular momentum. Also, several
relations between the generalized parton distributions and the transverse momentum de-
pendent parton distribution functions have been proposed. For reviews about generalized
parton distributions, see e.g. [71–73] and the references therein.

In analogy to the quark correlator one can define the antiquark distribution correlator

Φ̄[U](x,pT ) =

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ 〈P,S |ψ(0)ψ(ξ)U[ξ;0] |P,S 〉 ⌋LF , (2.43)

and the gluon distribution correlator

Γ[U,U′] µν(x,pT ) =
nρ nσ
(p·n)2

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ

× 〈P,S | Tr
[

F µρ(0)U[0;ξ] Fνσ(ξ)U′[ξ;0]
] |P,S 〉 ⌋LF .

(2.44)
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The Wilson lines are in the three-dimensional fundamental representation of SU(3). In
particular for the gluon correlator this implies that there are two Wilson lines, one Wilson
lineU[0;ξ] running from the space-time point 0 to ξ and a Wilson lineU′[ξ;0] running from ξ
to 0. These Wilson lines are not necessarily related to one another. In section 3.3.2 we will
elaborate on the reason for writing the gluon correlator this way. For the parametrizations
of the transverse momentum dependent gluon distribution and fragmentation correlators
we will restrict ourselves to referring to ref. [74]. The leading contribution to the collinear
gluon correlator is parametrized as follows

2x Γi j(x) = −gi j
T G(x) − SL iε i j

T ∆G(x) , (2.45)

where the indices i and j are transverse w.r.t. the momentum of the hadron and the light-
like n-direction conjugate to it (cf. (2.21)). The antiquark distribution correlator has simi-
lar properties under parity and hermiticity as those in expression (2.40). Correspondingly,
the antiquark correlator can be parametrized in the same way as the quark correlator. To
tell the quark and antiquark distribution functions apart the antiquark distribution func-
tions will be indicated with an overline. Using the translation and anticommutation prop-
erties of the fermion fields, it follows that the unpolarized antiquark distribution function
can be seen as minus the analytic continuation of the corresponding quark distribution
function into the negative x region: f̄ 1(x,p2

T )=− f 1(−x,p2
T ). The same holds true for the

functions ḡ1T , h̄1T and h̄⊥1T . The other antiquark distribution functions can be seen as
plus the analytic continuation of the quark distributions into the negative x region, i.e.
f̄⊥1T (x,p2

T )=+ f⊥1T (−x,p2
T ), and similarly for the functions h̄⊥1 , ḡ1L and h̄⊥1L, see e.g. [75].

To each parton distribution correlator there also corresponds a fragmentation correla-
tor. In their operator definitions they contain explicit sums over final states, cf. expres-
sion (2.32). For the gauge links this implies that the Wilson lines connecting to the parton
field at the space time point 0 and the Wilson lines connecting to the parton field at ξ
appear in different matrix elements (see also the discussion at the end of section 3.1). For
a listing of the fragmentation correlators we refer to the appendix of ref. [22]. The parton
correlators have been investigated to great extent in the literature, see e.g. [76–79]. For
reviews we refer to [80–84] and the references therein. The transverse momentum depen-
dent quark fragmentation correlator, obtained from ∆[U](k) by integrating over the parton
momentum component k·Ph, for unpolarized hadrons is parametrized as follows:

∆[U]( 1
z ,kT

)
= z D1(z,k2

T ) /Ph + z iH⊥1 (z,k2
T )

[ /kT , /Ph]
2Mh

, (2.46)

where for the fragmenting quark we have taken a Sudakov decomposition similar to the
one in (2.21): kµ = 1

z Pµ
h +σh nµh +kµT . The fragmentation correlators for polarized hadrons

can similarly be obtained from the parametrization of the quark distribution correla-
tor (2.41) by replacing the unpolarized f , longitudinally polarized g and the transver-
sally polarized h TMD quark distribution functions by the TMD fragmentation functions
z D, zG and z H, respectively, and with the obvious replacements for the other variables
(i.e. {P,p,M,n,S }→{Ph,k,Mh,nh,Sh}). The collinear fragmentation correlator is obtained
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by also integrating over the intrinsic transverse momentum

∆
( 1

z
)

=

∫
d2kT ∆[U]( 1

z ,kT
)

(2.47a)

=

∫∑
X

∫
d(ξ·K)

2π
e−ik·ξ 〈0|Unh

[ζ;0] ψ(0) |h;X〉〈h;X|ψ(ξ) Unh
[ξ;ζ] |0〉

⌋
LC (2.47b)

= 1
z
{
D1(z) /Ph + ShL G1(z)γ5 /Ph + 1

2 H1(z)γ5[ /ShT , /Ph]
}
. (2.47c)

The collinear and the TMD unpolarized fragmentation functions are related by (with sim-
ilar expressions for the other fragmentation functions)

D1(z) = z2
∫

d2kT D1(z,k2
T ) . (2.48)

The operators Unh in equation (2.47b) are straight Wilson lines in the lightcone nh-direc-
tion. To distinguish them from Wilson lines UC with integration paths C that run in
several different spatial directions, the straight Wilson lines will be indicated with a non-
calligraphed letter U (cf. expressions (2.52) and (2.53)). As for the distribution functions,
the antiquark fragmentation functions will be differentiated from the quark fragmenta-
tion functions by adding an overline. Following the conventions of ref. [74] we will
add a hat over the gluon fragmentation functions, in order to discriminate them from the
gluon distribution functions. For the collinear gluon fragmentation correlator we use a
similar parametrization to the one in (2.45). It is obtained by making the substitutions{
2xΓ(x),G(x),∆G(x)

}→ {
Γ̂( 1

z ), Ĝ(z),∆Ĝ(z)
}
.

2.6 Single-Spin Asymmetries

The interest in the polarization properties of hadrons has been increasing considerably
for several decades. An important trigger came in the late 1980’s when it was found by
the European Muon Collaboration at CERN that the helicities of the constituent quarks
only account for about twenty to thirty percent of the proton’s helicity. This finding is
now commonly known as the ‘Spin Crisis’. The interest in the transverse polarization
properties of hadrons was boosted when large single transverse spin asymmetries were
measured in hadronic polarized hyperon production pp→Λ0↑X [85], pBe→Λ0↑X [86]
and pion production processes such as p↑p→πX and p↑ p̄→πX [87–90]. These single-
spin asymmetries are of the order of tens of percents. Moreover, they persist into the
region of large transverse momentum (the component of the final state momentum that is
perpendicular to the beam axis), where perturbation theory can be expected to be appli-
cable. These findings sparked a lot of theoretical as well as experimental work aimed at
better understanding the transverse-spin structure of the proton. Today this has evolved
into a broad field of research. It would be idle to try to give a complete overview of this
field here. In this and the next sections we will just skim the surface of this subject, focus-
ing on those aspects of spin physics that most directly concern the topics treated in later
chapters of this thesis. There are excellent textbooks (e.g. [82, 91]) and overview papers
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(e.g. [50,92–95]) available that we refer to for a more thorough insight in all components
of spin physics.

A single-spin asymmetry (SSA) is a measure for the disbalance of the distribution of
the final states in scattering experiments due to spin effects. In unpolarized experiments
there is no preferred direction in the plane perpendicular to the beam axis. Final states
can, then, be expected to be distributed equally in all azimuthal directions. However,
the transverse spin vector in a polarized scattering process introduces a transverse depen-
dence that can cause a non-uniform distribution of final states. Typically, transverse spin
asymmetries are defined as the difference of the scattering cross sections with opposite
spin orientations divided by their sum:

AN =
σ(+ST ) − σ(−ST )
σ(+ST ) + σ(−ST )

. (2.49)

An azimuthal imbalance caused by transverse spin effects can give rise to finite trans-
verse spin asymmetries. As such, the spin asymmetries are pre-eminent observables for
the spin dependent parton distribution functions, most notably for the quark transversity
function h1(x), which cannot be probed at leading order in inclusive deep-inelastic scat-
tering, since it is a chiral-odd function requiring a helicity-flip on the partonic level. The
single transverse-spin asymmetries that will be investigated in chapter 4 are constructed
by dividing weighted spin dependent cross sections by integrated spin independent cross
sections.

As was pointed out in the 1970’s, nonvanishing single-spin asymmetries require a
large complex phase difference between the helicity flip and non-flip amplitudes [96].
A mechanism to generate single-spin asymmetries was first proposed in the context of
collinear factorization involving soft gluon interactions of the target remnants with the
active initial and final-state partons [97–104]. In this mechanism the phase is provided by
the imaginary part of the additional propagator introduced by the gluonic initial or final-
state interaction. Hence, this collinear factorization formalism involves, apart from the
usual twist-two collinear distribution functions, also twist-three collinear quark-gluon-
quark matrix elements

TF(x) = εSTα
T gαβ

∫
dξ−dη−

4π
eip·ξ 〈P,S |ψ(0) /n Un

[0;η] F β+(η) Un
[η;ξ] ψ(ξ) |P,S 〉 ⌋LC , (2.50)

often referred to as Qiu-Sterman matrix elements.
In the ensuing years several other mechanisms for generating the phase difference

through the effects of the intrinsic transverse momenta of the partons were proposed. In
these effects the single-spin asymmetries arise as the effects of correlations between the
partonic transverse momentum and a spin vector. For instance, in the Sivers effect the
asymmetry arises in the initial state due to a correlation between the intrinsic transverse
motion of an unpolarized quark and the transverse spin of its parent hadron [105, 106].
Moreover, it has been argued that the Sivers effect requires that the distribution of unpolar-
ized quarks is distorted in the impact parameter space and that it is related to the anoma-
lous magnetic moment of the nucleon [107–109]. The effect is described by a transverse
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momentum dependent function f ⊥1T (x,p2
T ) (in the language of ref. [58]). In the parame-

trization of the quark correlator (2.41) it appears with the coefficient ε pT ST
T = P̂ · ( pT×ST

)
,

embodying the correlation between quark transverse momentum and the hadron’s trans-
verse spin. Using the properties of the quark fields under time-reversal, it follows that the
quark correlator in expression (2.28) satisfies the relation

Φ∗(p;P,S ) = iγ1γ3 Φ( p;P,S ) iγ1γ3 . (2.51)

In combination with those in (2.40) this relation would imply that the distribution function
f⊥1T (x,p2

T ) (as well as the function h⊥1 (x,p2
T )) vanishes. Therefore, based on time-reversal

arguments it was expected that there would be no Sivers effect [110].
Instead, another mechanism was proposed to generate the phase difference after the

hard scattering. This mechanism explains single-spin asymmetries as arising from corre-
lations between the spin and transverse momentum of a transversally polarized quark that
fragments into an unpolarized hadron [110,111]. These correlations can emerge as a con-
sequence of final-state interactions between the observed hadron in the final-state and its
accompanying jet (also soft gluon interactions between the jet and the active partons can
contribute, cf. the discussion in section 4.1.1). The effect is described by the transverse
momentum dependent quark fragmentation function H⊥1 (z,k2

T ) appearing in the parame-
trization of the quark fragmentation correlator. From an operator point of view, for the
fragmentation correlator (2.32) time-reversal does not lead to a restriction similar to the
one in (2.51), due to the explicit appearance of the hadronic final-states |h;X〉, which can-
not be represented by plane-wave states. Therefore, the Collins function was not expected
to vanish due to time-reversal arguments.

The equivalent of the Collins effect on the distribution side is the Boer-Mulders effect
which is described by the TMD function h⊥1 (x,p2

T ). In the Boer-Mulders effect the spin
asymmetry is due to correlations between the transverse spin and transverse momentum
of a polarized quark inside an unpolarized hadron [112]. As with the Sivers function it
may be argued that the Boer-Mulders function vanishes due to time-reversal.

In the light of the above it will be understood that it came as a surprise when Brod-
sky, Hwang and Schmidt showed in a seminal paper [113] in 2002 that leading twist spin
asymmetries can be generated, also in the initial state. These results were obtained in a
spectator diquark model where the scattered quark undergoes an additional gluonic inter-
action with the target remnants. These are the type of interactions that also give rise to the
gauge links (cf. Figure 2.8) and it was soon realized that the time-reversal arguments that
were used to predict a vanishing Sivers effect were flawed due to the neglect of the Wilson
lines and that finite Sivers and Boer-Mulders contributions were possible after all [114].
This exemplifies the important role that the Wilson lines have come to play. Today it
is recognized that they are not just mere operators to obtain gauge invariant definitions
of parton distribution functions but also that they, through the Sivers and Boer-Mulders
effects, can themselves be regarded as sources for single-spin asymmetries.

As the Sivers f ⊥1T and Boer-Mulders h⊥1 distribution functions in the absence of the
Wilson lines would vanish under time-reversal, we will call them T -odd functions (some-
times they are called naively T -odd, since in the relation (2.51) the time-reversal operation
was applied to the spins, momenta and field-operator combination without interchanging
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the initial and final states of the process, see, e.g., ref. [115]). The other distribution
functions will be referred to as T -even. A fragmentation function will be called T -odd if
the corresponding distribution function is T -odd (e.g. the Collins fragmentation function
H⊥1 will be called T -odd, as the corresponding distribution function, the Boer-Mulders
function h⊥1 , is T -odd).

Since the following chapters will be devoted to the Wilson lines and the role that they
play in single-spin asymmetries, they will now be considered in greater detail.

2.7 The Role of Gauge Links in Physical Processes

The parton distribution and fragmentation functions typically involve non-local combi-
nations of field operators. These are in general not gauge invariant by themselves as the
color gauge transformation is a local transformation (cf. expression (1.3)). By using Wil-
son lines to parallel transport the parton field operators to the same space-time point it
is possible to obtain properly gauge invariant definitions for the parton distribution and
fragmentation functions as is required if these functions are to represent physical observ-
ables. These parallel transporters, in spin physics usually called Wilson lines or gauge
links, are path-ordered exponentials of the gauge fields, see (2.37). They connect the
parton field operators along certain integration paths. The requirement of gauge invari-
ance alone does not lead to a restriction on this integration path. However, in physical
processes it cannot be chosen freely. This follows from the observation already made in
section 2.5 that the Wilson lines arise from the resummation of gluonic initial and final
state interactions between the hadronic remnants and the active partons (cf. Figure 2.8)
and are, therefore, fixed by the hard partonic functions of the hadronic scattering process.
In the case of collinear distribution and fragmentation functions pertaining to a hadron
with momentum P the parton field operators are separated in the lightcone direction (i.e.
only in the ξ·P-direction). In that case the gluons polarized along the momentum of the
hadron will always give rise to straight Wilson lines in the lightcone n-direction

Un
[ξ;ξ+η] = P exp

[
− ig

∫ η·P/n·P

0
dλ n·Aa(ξ+λn) T a

]
, (2.52a)

where n is the light-like Sudakov vector conjugate to the momentum of the hadron. In
the case of transverse momentum dependent distribution and fragmentation functions the
parton field operators are separated along the light-front. In that case both collinearly and
transversally polarized gluons have to be incorporated to obtain the full gauge link. The
collinearly polarized gluons will give rise to straight Wilson lines that connect the parton
field operators to lightcone plus or minus infinity in the n-direction, while the transversally
polarized gluons at lightcone (plus or minus) infinity lead to transverse Wilson lines

UT
[ξ;ξ+η] = P exp

[
− ig

∫ ξT +ηT

ξT

dζT ·Aa
T (ζ) T a

]
, (2.52b)

closing the integration path (the derivation of these observations will be reproduced in the
next chapter). In this case the gluonic initial and final state interactions can give rise to
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Figure 2.9: The straight line segments from which the past pointing Wilson line U [−] (a)
and the future pointing Wilson lineU[+] (b) are constructed.

different gauge links depending on the particular hard partonic function of the hadronic
scattering process under consideration. Notably, they lead to a future pointing Wilson line
U[+]

[0;ξ] in SIDIS, Figure 2.9b, while they give a past pointing Wilson line U[−]
[0;ξ] in Drell-

Yan scattering [116–119], Figure 2.9a. The future and past pointing Wilson lines can be
constructed from the straight Wilson lines already introduced:

U[±]
[0;ξ] = Un

[0;±∞] UT
[0T ;∞T ] UT

[∞T ;ξT ] Un
[±∞;ξ] . (2.53)

Initially it was believed that the gauge fields would vanish at lightcone infinity, such
that the transverse Wilson lines could be ignored. By choosing an axial gauge using the
Sudakov n vector, also the Wilson lines Un would reduce to simple unit operators. The
gauge links could, then, effectively be omitted and the property in expression (2.51) would
lead one to expect that the Sivers and Boer-Mulders effects vanish. After the findings of
Brodsky, Hwang and Schmidt this argumentation was reconsidered. It was realized that
the fields at lightcone infinity could not simply be ignored and that, in fact, the process
dependence of the Wilson lines due to the additional separation in the transverse direc-
tion has important consequences for the properties of the parton correlators under time-
reversal. If we denote the transverse momentum dependent quark correlator that contains
the future pointing Wilson line in its definition by Φ[+] (cf. (3.12)) and the one that con-
tains the past pointing Wilson line by Φ[−], then the property of the gauge invariant quark
correlator under time-reversal becomes [114,119]

Φ[+]∗(x,pT ) = iγ1γ3 Φ[−](x,−pT ) iγ1γ3 . (2.54)

That is, time-reversal relates the matrix elements Φ[+] and Φ[−], rather than imposing a
restriction on either one of them separately. This expression takes the full gauge link
structure properly into account and replaces the one in (2.51). Applying the transfor-
mation property (2.54) to the parametrizations (2.41) of the TMD quark correlator Φ[+]

that enters in SIDIS and the correlator Φ[−] that enters in Drell-Yan scattering (see sec-
tion 3.1), it follows that the Sivers functions in SIDIS and Drell-Yan scattering have op-
posite signs [114]:

f⊥1T (x,p2
T )

⌋
Drell-Yan = − f⊥1T (x,p2

T )
⌋

SIDIS . (2.55)

This should be contrasted to the expectation of vanishing Sivers functions that would
follow from the transformation property (2.51). It means that the Sivers functions are
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not universal in the strict sense that they are identical in SIDIS and Drell-Yan scattering.
However, they can still directly be related to one another in a calculable way. This peculiar
‘universality’ property of the Sivers function is a fundamental prediction of QCD that
follows from the gauge links or, stated differently, from the gluonic initial and final state
interactions. Experimental verification of this prediction would be profound support for
our understanding of the physics underlying the generation of spin asymmetries. It could
be tested by comparing the signs of the single transverse-spin asymmetries in SIDIS and
Drell-Yan scattering

Sivers effect in SIDIS: A`H→`hX
N ∼ + f⊥1T (x,p2

T ) dσ̂`q→`q D1(z,k2
T ) , (2.56a)

Sivers effect in Drell-Yan: AHH′→` ¯̀X
N ∼ − f⊥1T (x,p2

T ) f̄ 1(x′,p′2T ) dσ̂qq̄→` ¯̀ , (2.56b)

where the Sivers function has been normalized to the one in semi-inclusive deep inelastic
scattering f ⊥1T (x,p2

T )≡ f⊥1T (x,p2
T )

⌋
SIDIS. The hard functions dσ̂`q→`q and dσ̂qq̄→` ¯̀ are the

usual partonic cross sections. Single-spin effects due to the Sivers mechanism in SIDIS
have now been observed by several collaborations [120–123]. For a recent review, see e.g.
[124] and the references therein. However, measurements of the single-spin asymmetry
in Drell-Yan scattering are lagging behind. The reason is that the lepton-antilepton pair
is a relatively rare final state in hadron-hadron scattering compared to purely hadronic or
hadron-photon final states, since the Drell-Yan hard functions are proportional to α2 at
tree-level, while the hard functions with hadronic and hadron-photon final states involve
strong interactions and are proportional to α2

S and ααS , respectively. Also in these pro-
cesses the gluonic initial and final state interactions (the Wilson lines) leave their finger-
prints, though the effects are more intricate since the hard functions are more complicated
in those processes. However, until precise measurements for the single-spin asymmetries
in the ‘gold-plated’ Drell-Yan process become available, hadronic final states such as dijet
p↑p→ j jX or photon-jet p↑p→γ jX production processes might also be used to test the for-
malism describing single-spin asymmetries. The role of gauge invariance in these more
complicated scattering processes is the topic of this thesis. In the rest of this section we
will give a short description of this role, which will be worked out in more detail in the
following chapters.

Before turning our attention to these processes we should mention another important
result obtained by Boer, Mulders and Pijlman. In 2003 they were able to make a connec-
tion between the first transverse moment of the TMD Sivers function and the collinear
twist-three Qiu-Sterman matrix element [119]:

2M f⊥(1)
1T (x) = −gTF(x) , (2.57)

where the first transverse moment of the Sivers function is defined by (the moments of
the other distribution and fragmentation functions have similar definitions)

f⊥(1)
1T (x) =

∫
d2pT

p2
T

2M2 f⊥1T (x,p2
T )

⌋
SIDIS . (2.58)

The presence of the Wilson lines is crucial for the derivation of this relation. We will
sketch this derivation, postponing the proper treatment to section 4.1.1. As stated, the cor-
relator that enters in a hadronic scattering process contains a gauge link that depends on
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the hard partonic function D of the process. Therefore, also the correlator Φ[U(D)](x,pT )
depends on this hard function. When integrating over the parton’s intrinsic transverse
momentum the separation of the parton field operators is restricted to the lightcone.
The gauge link U(D), then, reduces to a simple straight Wilson line in the lightcone
n-direction, leaving the universal collinear correlator

Φ(x) =

∫
d2pT Φ[U(D)](x,pT ) =

∫
d(ξ·P)

2π
eip·ξ 〈P,S |ψ(0) Un

[0;ξ] ψ(ξ) |P,S 〉 ⌋LC . (2.59)

However, when taking the transverse moment of the correlator

Φ
[U(D)]α
∂

(x) =

∫
d2pT pαT Φ[U(D)](x,pT ) , (2.60)

a process dependence due to the Wilson lines in the TMD correlators survives. For ex-
ample, as was shown in ref. [119] the transverse moments of the quark correlators with
future and past pointing Wilson lines can be written as

Φ
[±]α
∂

(x) = Φ̃α
∂ (x) ± πΦα

G(x,x) , (2.61)

where the matrix elements that appear on the r.h.s. of this expression will be given in
section 4.1.1. The important observation to make here is that they are universal ma-
trix elements containing straight Wilson lines in the lightcone n-direction only. The sole
process-dependence due to the gauge links in the TMD quark correlators resides in the
plus/minus factor in front of the second term in (2.61). This term is a consequence of
the transverse derivative of the Wilson line Un

[±∞;ξ] that connects to the quark field at the
space-time point ξ. The transverse derivative, in turn, is obtained by writing the quark’s
transverse momentum pαT in (2.60) as a transverse derivative acting on the exponent in
the TMD quark correlator (2.39) and by subsequently performing a partial integration to
have it act on the parton fields and gauge link combination. Hence, the appearance of
the second term in (2.61) is a direct consequence of the interplay between the intrinsic
transverse momentum component pαT in expression (2.60) and the gauge link in the trans-
verse momentum dependent correlator and would be absent if there were no gauge links.
Actually, the decomposition in expression (2.61) is one in terms of matrix elements with
definite properties under time-reversal. That is, the matrix elements Φ̃∂(x) and ΦG(x,x)
are even and odd under time-reversal, respectively. Therefore, when taking the transverse
moment of the parametrization (2.41) of the TMD quark correlator, the T -even and T -
odd quark distribution functions are naturally assigned to the T -even and T -odd matrix
elements Φ̃∂(x) and ΦG(x,x), respectively:

Φ̃α
∂ (x;P,S ) = 1

2 M
(

SL h⊥(1)
1L (x) γ5

1
2 [ /P,γα] + S α

T g(1)
1T (x) γ5 /P

)
, (2.62a)

πΦα
G(x,x;P,S ) = 1

2 M
(

ih⊥(1)
1 (x) 1

2 [ /P,γα] + εαST
T f⊥(1)

1T (x) /P
)
. (2.62b)

From the definition of the matrix element ΦG(x,x), expression (4.2b), it is seen that like
the Qiu-Sterman matrix element it is a quark matrix element that contains an additional
soft (zero-momentum) gluon. Hence, it is sometimes referred to as a gluonic pole matrix
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element. From its parametrization it follows that the first moments of the T -odd Sivers
and the Boer-Mulders functions are gluonic pole matrix elements. By considering the
appropriate projection of the gluonic pole matrix element Tr[ /nπΦα

G(x,x) ]gαβε
ST β
T the re-

lation (2.57) between the Sivers function and the Qiu-Sterman matrix element is found.
The sign difference in front of the gluonic pole matrix element for future and past point-
ing Wilson lines in expression (2.61) is the analogue for the first moment of the Sivers
(or Boer-Mulders) function of the sign difference for the transverse momentum dependent
functions in (2.55).

In the basic hadronic processes, SIDIS, Drell-Yan scattering and e+e−-annihilation,
the hard functions are just simple electromagnetic vertices (at tree-level). Depending on
the particular process only initial or final state gluonic interactions contribute and, corre-
spondingly, only future and past pointing Wilson lines occur. However, when going to
hadronic processes that involve more complicated hard functions with more colored ex-
ternal legs, such as in hadronic dijet or photon-jet production, there can be both initial and
final state gluonic interactions. As a result, the Wilson lines will also be more complicated
than just the simple future and past pointing Wilson lines. In fact, the final state interac-
tions will give rise to future pointing Wilson lines at each of the outgoing partons (where
the representations of the color-matrices will depend on the particular type of parton) as is
the case in SIDIS. Similarly, the initial state interactions will lead to past pointing Wilson
lines at the incoming partons as in Drell-Yan scattering. The Wilson lines distributed over
the different external partons of the hard function can subsequently be joined together by
making a color-flow decomposition of the hard partonic function (since the Wilson lines
are matrices in color-space), such that they can be connected along the color-flow lines,
see chapter 3. In particular this means that the future and past pointing Wilson lines can
combine into structures that do not occur in the basic electromagnetic processes. An im-
portant example is the Wilson loop, which is constructed from a future and a past pointing
Wilson line

U[�] = U[+]U[−]† = U[−]†U[+] , (2.63)

see Figure 2.10. At the same time it follows that the full gauge link will have a different
substructure corresponding to each of the color-flow diagrams (cf. Figure 3.8). More im-
portantly, it implies that the TMD correlator might have a different gauge link structure
for each cut Feynman diagram in case that there are several diagrams that can contribute
to the hard function. For the transverse momentum dependent parton correlators this,
at first sight, seems to complicate things considerably. However, for the collinear cor-
relators remarkable simplifications occur. When integrating over the parton transverse
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momentum all gauge link structures simply reduce to straight Wilson lines in the light-
cone n-direction, leading to the collinear correlator (2.59). For the transverse moments of
the TMD correlators there remains a process dependence due to the gauge links, which
manifests itself as a process dependent sum of the two universal collinear matrix elements
Φ̃∂(x) and πΦG(x,x):

Φ
[U(D)]
∂

(x) = Φ̃α
∂ (x) + C[U(D)]

G πΦα
G(x,x) . (2.64)

The matrix element Φ̃∂(x) appears in the same way regardless of the process, while
the gluonic pole matrix element appears multiplied by process dependent color factors
C[U(D)]

G . These color factors are nothing more or less than the generalization of the plus
and minus signs in expression (2.61) for the SIDIS and Drell-Yan processes. Since these
factors multiply the gluonic pole matrix element they will be referred to as gluonic pole
strengths. They depend on the particular structure of the gauge link. As these are in turn
determined by the hard partonic function, also the gluonic pole strengths are completely
fixed by the (color structure of) the hard function, see section 4.1.1. For that reason they
are in a natural way associated with the hard functions and it makes sense to absorb them
into the hard part. The resulting hard functions will, then, have the generic structure

dσ̂[a]b→cd

dt̂
=

∑
D

C[D]
G (a)

dσ̂[D]
ab→cd

dt̂
, (2.65)

which should be contrasted with the usual partonic cross sections

dσ̂ab→cd

dt̂
=

∑
D

dσ̂[D]
ab→cd

dt̂
. (2.66)

The summations run over all cut Feynman diagrams D that contribute to the hard function
of the scattering process ab→cd (in case that fermion fields are involved the summa-
tions contain the usual relative minus signs for Feynman diagrams that are related to one
another by an odd number of permutations of fermion fields, i.e., by interchanging two
identical fermions in the initial/final state or by moving a fermion from the initial to the
final state and vice versa, reflecting Fermi statistics). The hard function in (2.65) has a
bracketed subscript indicating which parton is associated with the gluonic pole matrix
element (parton a in the example above, with obvious notations for when it is one of the
other partons that is associated with the gluonic pole matrix element). These hard func-
tions are gauge invariant weighted sums of cut Feynman diagrams, where the gluonic pole
strengths CG(a) of the bracketed parton a are the weight factors. Correspondingly, they
will be referred to as gluonic pole scattering cross sections. The dσ̂[D] are the perturba-
tive QCD expressions of the hard squared amplitudes. More precisely, for unpolarized
scattering they are defined through

dσ̂[D]
ab→cd

dt̂
=

1
16πŝ2

1
4

Mab→cd M∗ab→cd , (2.67a)

where M is the amplitude and M∗ the conjugate amplitude, whose product is pictorially
represented by the cut Feynman diagram D. For polarized scattering we use the expres-
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sions defined in [125,126]:

d∆σ̂[D]
a↑b→c↑d

dt̂
=

1
16πŝ2

1
4
(

Ma↑b→c↑d M∗a↑b→c↑d − Ma↑b→c↓d M∗a↑b→c↓d
)
, (2.67b)

d∆σ̂[D]
aLb→cLd

dt̂
=

1
16πŝ2

1
4
(

Ma+b→c+d M∗a+b→c+d − Ma+b→c−d M∗a+b→c−d
)
, (2.67c)

where ↑↓ and ± refer to the transverse spin and helicity of the associated particles, respec-
tively. For unpolarized particles a summation over spins is understood. An averaging over
the color quantum numbers of the incoming particles is also implied. These expressions
are, themselves, not gauge-invariant. However, the sum of Feynman diagrams (2.66) and
the weighted sum of Feynman diagrams (2.65) are properly gauge-invariant. The gluonic
pole cross sections appear as the hard functions whenever gluonic pole matrix elements
contribute, such as the first moments of the Sivers or Boer-Mulders functions. This is
typically the case in weighted azimuthal spin asymmetries. Hence, the effect of the gauge
links (or equivalently of the initial and final state interactions) for weighted asymmetries
is that the hard functions of these observables will be given by the gluonic pole cross
sections, rather than the usual partonic scattering cross sections as would be expected in
a generalized parton model approach, see section 4.2. In section 4.3 we will look at such
an asymmetry in hadronic back-to-back jet and/or pion production and in section 4.4 for
photon-jet production.

The role of the gauge links in transverse momentum dependent functions is at the time
of writing not yet so clear-cut as the collinear case. The TMD distribution and fragmen-
tation functions can contain quite complicated Wilson line structures in their definitions,
see chapter 3. Moreover, the Wilson lines will depend on the particular structure of the
hard functions of the hadronic process. We would like to emphasize, though, that this
does not necessarily imply that the TMD functions are not universal. The Wilson lines
themselves are not physical observables. It is possible that, despite of the apparent exis-
tence of a ‘jungle of Wilson lines’ in their definitions, there are simple relations between
the transverse momentum dependent parton distribution and fragmentation functions. For
instance, such a simple relation exists between the Sivers functions in the SIDIS and
the Drell-Yan processes (2.55), even though the first contains a future pointing Wilson
line in its definition while the latter contains a past pointing Wilson line. In that case
the sign relation follows because the future and past pointing Wilson lines are related by
time-reversal. However, for the Wilson lines that appear in more complicated processes
and that can contain Wilson loops U[�], it is not immediately obvious that the differ-
ent gauge link structures can be related by time-reversal. That is an important reason
why the transverse momentum dependent formalism is not yet so well-understood as the
collinear treatment. We believe that important developments in the study of the univer-
sality properties of TMD distribution and fragmentation functions may be expected in the
future. The appropriate context for this topic are transverse momentum dependent fac-
torization theorems for the spin asymmetries. Very recently such a factorization formula
was suggested for the quark-Sivers contribution to the single-spin asymmetry in dijet pro-
duction [127, 128]. This factorization theorem involves the gluonic pole cross sections



34 chapter 2: general formalism

as hard functions and the TMD parton distribution functions measured in SIDIS (that is,
with a future pointing Wilson line in their definition). This situation is consistent with
the approach taken in this manuscript if it is assumed that also the full transverse momen-
tum dependent Sivers functions (as for the other T -odd distribution functions) containing
the complicated gauge link structures in their definitions can be related to those in SIDIS
using the gluonic pole strengths as proportionality factors,

f⊥1T (x,p2
T )

⌋
D(ab→cd) = C[D(ab→cd)]

G f⊥1T (x,p2
T )

⌋
SIDIS . (2.68)

In this expression the D(ab→cd) is a particular cut Feynman diagram that contributes
to ab→cd scattering. Needless to say that this is at present just a speculation, see sec-
tion 4.1.2. In fact, in ref. [129] it was argued that a TMD factorization formula for spin
asymmetries in processes such as dijet production in proton-proton scattering is not pos-
sible with universal transverse momentum dependent distribution functions. It is also
asserted that a proof of TMD factorization for such processes will be essentially different
from the existing proofs for SIDIS and Drell-Yan scattering and that such a factorization
formula will involve ‘effective’ distribution functions [130]. These observations are based
on the jungle of Wilson lines found in chapter 3 in concurrence with a model calculation.
Future research will have to clarify what the relation is between the results of this thesis
and those found in refs. [127], [129] and [130].

The following chapters are devoted to developing the ideas referred to in this section.

2.8 Summary

A short review was given of those topics in high-energy hadronic phenomenology that are
most essential to the gauge link formalism. It was shown how a separation of the hadronic
process in soft non-perturbative parts describing the distribution of partons inside a hadron
and a hard function containing the lightcone physics describing the high-energy scatter-
ing of partons is achieved in the parton model, the operator product expansion and the
diagrammatic approach. The soft parts are the parton distribution and fragmentation cor-
relators. The gauge invariant operator definitions of these objects contain Wilson lines
that have a process dependent structure in the case of transverse momentum dependent
(TMD) parton correlators. In the diagrammatic approach the Wilson lines arise as the
collective effect of gluonic initial and final-state interactions. Their process dependence
in the transverse momentum dependent treatment of polarized scattering processes can
give rise to azimuthal spin asymmetries. In fact, the dependence of the Wilson lines on
the hard partonic scattering subprocess leads to a remarkable ‘universality’ property of
the T -odd Sivers functions in SIDIS and Drell-Yan scattering. Anticipating the formalism
that will be developed in the following chapters it was argued that in the diagrammatic
approach the hard partonic functions in weighted azimuthal spin asymmetries in proton-
proton scattering with hadronic final states are affected by the gluonic initial and final-state
interaction that give rise to the Wilson lines in TMD parton correlators. The spin asym-
metries in these processes will, then, not have the form of a standard generalization of the
parton model which involves the partonic scattering cross sections as hard functions.



CHAPTER3
Gauge Links

Many developments in spin physics over the last decades have gone hand in hand with an
increasing awareness of the physical significance of the gauge links. We now know that
the gauge link is not just an object that takes care of gauge invariance, but that it is itself
a mechanism for generating single-spin asymmetries. In fact, it is the sole source of the
Sivers effect. In particular, the process dependence of the gauge links in transverse mo-
mentum dependent correlators has important consequences for azimuthal asymmetries.
As stated before, the gauge link is a path-ordered exponential that connects the non-local
field operators in the parton correlators along a certain integration path. The process de-
pendence of the gauge link resides exactly in the choice of this path. By the requirement
of gauge invariance alone one does not arrive at an unambiguous definition of the parton
correlators, since any integration path for the gauge link that connects the parton field
operators suffices to make the correlators gauge invariant. In the diagrammatic approach
the gauge link arises by resumming all collinear gluon interactions between the soft and
the hard functions. Consequently, the integration path is not a freedom of choice, but it is
fixed by the hard partonic part of the scattering process.

The contributions of collinear gluons lead to Wilson lines that connect the parton field
operators to lightcone (plus/minus) infinity in the lightcone n-direction. In transverse
momentum dependent correlators there is also a subtle contribution from transversally
polarized gauge fields at lightcone infinity that is promoted to a leading twist effect. These
contributions combine with the Wilson lines in the lightcone n-direction to give the full
and closed gauge link. A well-known example is semi-inclusive deep-inelastic scattering
(SIDIS) where the final state interactions lead to a future pointing Wilson line in the quark
correlator. Another example is Drell-Yan scattering where the initial state interactions
give a past pointing Wilson line. In recent years it has been realized that these are not
the only Wilson line structures that can occur. It turns out that the structure of the gauge
link can in fact be predicted by a simple study of the nature of the external partons of the
hard functions and its color-flow structure. In this chapter we will develop these ideas
by considering increasingly more complicated processes. This will allow us to introduce

35
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Figure 3.1: Examples of diagrams with an additional gluonic interaction be-
tween the soft and the hard functions.

new aspects in small steps at a time. In the first section we will treat SIDIS and Drell-
Yan scattering, two of the simplest processes, as they only involve initial or final state
interactions. Then we will consider a particular contribution to prompt photon production
as an example of a process where more gluonic interactions are possible. In section 3.3
a prescription will be given to more easily predict the structure of the gauge link for
arbitrary hard functions. Using this prescription we will calculate the Wilson lines that
occur in direct photon production and dijet production in proton-proton scattering, since
these are the processes that will be studied in more detail in the next chapter. To conclude
this chapter we will try to argue the validity of the prescription in section 3.4.

3.1 Electroweak Processes: SIDIS and Drell-Yan

In section 2.4 we have hypothesized that if the momenta of the incoming and outgoing
hadrons in semi-inclusive deep inelastic scattering are well-separated it is reasonable to
assume that the observed hadron in the final state has materialized from the soft radiation
emitted by the current quark (i.e. the active quark). In that case the quark contribution to
the hadron tensor can be written in terms of quark correlators Φ(p) and quark fragmenta-
tion correlators ∆(k) connected to each other through hard functions H(p,k):

Wµν =
1

2M

∫
d4pd4k δ4(p+q−k) Tr

[
Φ(p) H†µ(p,k)∆(k) Hν (p,k)

]
, (3.1)

where we have suppressed the summation over quark flavors. Comparing to expres-
sion (2.31) it is seen that at tree-level the hard function is just an electromagnetic vertex
Hµ(p,k)= ieqγµ (the proton charge factors e have been extracted and appear in the struc-
ture constant α in the cross section (2.30)). In the parton model contribution the quark
distribution and fragmentation correlators are given by expressions (2.28) and (2.32). Ob-
viously, this is not a physically meaningful expression, since the correlators are not gauge
invariant. However, in the diagrammatic approach an expression that involves the properly
gauge invariant correlators can be obtained by resumming all collinear gluon interactions
between the soft and the hard factors [57], such as those in Figure 3.1. The result will be
the same as the expression in (3.1) and with the same hard function Hµ(p,k)= ieqγµ as in
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Figure 3.2: The tree-level hard amplitudes in SIDIS and Drell-Yan scattering dressed with
one additional gluon. These give rise, for example, to final state (a) and initial state inter-
actions in SIDIS (b) and initial state interactions in Drell-Yan scattering (c).

the handbag diagram that was taken as the starting point, except that it appears convoluted
with the gauge invariant correlators Φ[U] and ∆[U] instead. We will now sketch how this
is achieved by a resummation of collinear gluon interactions.

We take the handbag diagram with Hµ(p,k)= ieqγµ as our starting point and associate
to it all diagrams that are obtained by dressing it with additional gluons coming from
the protonic target remnants. The diagram with one extra gluon connecting to the hard
amplitude to the left of the cut is portrayed in Figure 3.1a. Its expression is

1
2M

∫
d4pd4k d4p1 δ

4(p+q−k) Tr
[
Φ

aρ
A (p,p1) H†µ(p,k)∆(k) Hρν;a(p,k;p1)

]
, (3.2)

with the matrix element

Φ
a ρ
Aij(p,p1) =

∫
d4ξ

(2π)4

d4η

(2π)4 ei(p−p1)·ξeip1·η 〈P,S |ψj(0) Aaρ(η)ψi(ξ) |P,S 〉 . (3.3)

At leading twist it are the collinear gluons that contribute Φ
aρ
A ≈Pρ nλΦaλ

A /(P·n) (later on
in this section we will see that also some contributions from transverse gluons are pro-
moted to leading twist). Since we have taken the electromagnetic vertex as the basic
hard function, the gluon coming from the target remnants can only couple to the scattered
(outgoing) quark k, Figure 3.2a. We do not take the case into account where it attaches
to the incoming quark that originates from the same soft correlator. These partons are ap-
proximately collinear, p≈ xP and p1≈ x1P, and their interaction is part of the soft physics
described by the quark correlator. The expression of the diagram in Figure 3.1a for col-
linear gluons, then, involves the hard function (neglecting quark masses)

PρHρν;a(p,k;p1) =
(
ig /Pta) i( /k− /p1)

(k−p1)2+iε
(
ieqγν

)
, (3.4)

depicted in Figure 3.2a and with the strong coupling constant g. It is seen from ex-
pression (3.2) that this hard function appears left-multiplied by the quark fragmentation
correlator ∆(k). The matrix product ∆(k) /k is suppressed by the equations of motion of the
quark fields in the fragmentation correlator (the suppression of this product is also seen
by noting that at leading twist ∆(k)∝ /k) and, hence, the hard function (3.4) as it appears in
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expression (3.2) effectively equals

PρHρν;a(p,k;p1) ≈ gta

x1−iε
(
ieqγν

)
, (3.5)

where we have used the matrix identity /P /k=2P·k− /k /P and all masses have been ne-
glected.

Let us stop and reflect on this result for a moment. Obviously, the coupling of the
gluon p1 to the basic hard function Hµ= ieqγµ has introduced an extra vertex and propa-
gator structure, see Figure 3.2a. What is obtained in (3.5) is that in the full hadronic ex-
pression (3.2) this additional structure at leading twist reduces to a scalar factor in Dirac
space, depending only on the momentum fraction x1 of the inserted gluon. People say that
the vertex and propagator have been eikonalized. The inclusion of an extra collinear gluon
has resulted in the original hard function Hµ= ieqγµ multiplied by an eikonalized propa-
gator. Since the basic hard function Hµ= ieqγµ does not depend on the momentum p1 of
the gluon, the integration over this momentum and the eikonal factor can be absorbed in
the correlator ΦA, such that expression (3.2) becomes

1
2M

∫
d4pd4k δ4(p+q−k) Tr

[
Φ

[Un
[∞;ξ]]

(g) (p) H†µ(p,k)∆(k) Hν (p,k)
]
, (3.6)

with the correlator

Φ
[Un

[∞;ξ]]
(g) (p) =

1
P·n

∫
d4p1

gta

x1−iε
nλΦaλ

A (p,p1) (3.7a)

=

∫
d4ξ

(2π)4 eip·ξ 〈P,S |ψ(0)
[
−ig

∫ 0

+∞
dλ n·Aa(ξ+λn) ta

]
ψ(ξ) |P,S 〉 . (3.7b)

The expression between brackets is the order g term of the Wilson line Un
[∞;ξ] that connects

to the quark field at the space-time point ξ (see Figure 2.9b).
From (3.6) it is seen that the gluon attachment in Figure 3.1a can be reduced to the

original bare process (3.1) by including in the quark correlator the order g term of the
Wilson line Un

[∞;ξ]. It will come as no surprise now that multiple collinear gluon insertions
on the l.h.s. of the cut give the higher orders of this Wilson line. In the SIDIS process this
can straightforwardly be checked explicitly due to the (relative) simplicity of the process:
the additional gluons can only couple to the outgoing quark (that is, there are only final-
state interactions). All these couplings can be eikonalized in much the same way as
for the one-gluon case described above. For instance, the m-gluon insertion diagram
will give an eikonal factor of the form (x1−iε)−1×· · ·× (x1+ · · ·+xm−iε)−1 where xi is the
momentum fraction of the ith gluon. In the multi-gluon correlator Φ(n·A1)···(n·Am) this leads
to the path-ordering as required for the order gm term of the Wilson line. The gluon
couplings to the r.h.s. of the cut are treated similarly. For example, the one-gluon coupling
to the r.h.s. of the cut can be eikonalized giving the eikonal factor gta(x+iε)−1. Since this
diagram involves the quark correlator Φ

aρ
A (p−p1,−p1) which contains the exponent e−ip1·η,

see Figure 3.1b, it is easily seen to contribute the order g term of the Wilson line Un
[0;∞]

that connects to the quark field at the space-time point 0 (see Figure 2.9b). Summing all
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possible gluon insertions, both to the left and to the right of the cut, then, leads to the
expression of the bare diagram (3.1), but with a quark correlator that contains the line
segments in the lightcone n-direction of the future pointing Wilson line.

Obviously, we have not yet arrived at a gauge invariant expression, since the Wilson
line is not closed at lightcone infinity. However, as was first shown in [118], the transverse
pieces of the gauge links are obtained by also taking into account gluon fields at lightcone
infinity. To show how these contributions arise, we solve equation (2.5) for transverse
gluon fields (suppressing the color index in this equation and using α to indicate a direc-
tion that is perpendicular to both P and n, the hadron’s momentum and Sudakov vector,
respectively, cf. (2.21)):

∫
d(η·P) eix1(η·P) Aα

T (η) = 2πδ(x1) Aα
T (η)

⌋
η·P=±∞

+
i

x1∓iε

∫
d(η·P)

n·P eix1(η·P)nµ
{ [
∂αη , A

µ(η)
]
+ ig

[
Aµ(η) , Aα

T (η)
]
+ F µα(η)

}
.

(3.8)

Inserting this equation in the contribution of transverse gluons Φα
AT

(cf. (3.3)) in expres-
sion (3.2), there is a substantial cancellation of terms if on the r.h.s. of (3.8) the same pole
prescription for x1 is taken as in the eikonal factor of the collinear gluons. Here we will
restrict ourselves to just mentioning which terms are cancelled by which contributions,
while an explicit demonstration up to subleading twist can be found in refs. [83, 119].
Taking the retarded pole (x1−iε)−1, the term containing [∂α, n·A] in (3.8) is cancelled by
the first correction (the /p1T term in the propagator in (3.4)) to the eikonal contribution of a
collinear gluon, expression (3.5). The term containing [n·A , Aα

T ] is cancelled by the two-
gluon insertion diagram with one collinear and one transverse gluon. The term containing
F µα will lead to the twist-three gauge invariant matrix element (4.2b) upon integrating the
hadron tensor over the transverse momentum qT (and resumming the contributions with
additional collinear gluons) [119]. What remains is the boundary term Aα

T (η) at η·P=+∞
(since the retarded pole was chosen in (3.8)). Indeed, due to the delta function in x1 the
contribution of the boundary term is not power suppressed (cf. [131]) as can also be seen
from expressions (3.10) and (3.11), though this might have been expected for transver-
sally polarized gluons. To see how this term contributes to the gauge link, the gluon field
AT (η·P=+∞) is written as [118,119]

gAaα
T (η) = i∂αη

[
−ig

∫ ηT

∞T

dζT · Aa
T (ζ)

]
ζ·n=η·n
ζ·P=η·P

. (3.9)

If the transverse gluon couples to the hard amplitude, then, after a partial integration of the
differentiation i∂αη and through the exponent in the quark-gluon correlator (3.3), the hard
amplitude gets contracted with the gluon transverse momentum pα1T . As is straightfor-
wardly checked, due to the presence of the delta function in x1 this contraction essentially
reduces to the basic hard function: δ(x1)pα1T Hαν;a(p,k;p1)=δ(x1)gta Hν(p,k), where again
it was used that in the expression for the cross section, equation (3.2), the hard amplitude
appears left-multiplied by the fragmentation correlator ∆(k) [119]. Hence, after these ma-
nipulations the first term on the r.h.s. of equation (3.8) in the one-gluon exchange diagram,
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expression (3.2), for transverse gluons leads to the original bare process

1
2M

∫
d4pd4k δ4(p+q−k) Tr

[
Φ

[UT
[∞T ;ξT ]]

(g) (p) H†µ(p,k)∆(k) Hν (p,k)
]
, (3.10)

but now with the correlator

Φ
[UT

[∞T ;ξT ]]

(g) (p) =

∫
d4ξ

(2π)4 eip·ξ〈P,S |ψ(0)
[
−ig

ξT∫

∞T

dζT ·Aa
T (ζ) ta

]
ζ·n=0
ζ·P=+∞

ψ(ξ) |P,S 〉 . (3.11)

The expression between brackets is the order g term of the transverse piece UT
[∞T ;ξT ] of

the future pointing Wilson line, see Figure 2.9b. The higher orders of this Wilson line
are obtained by taking additional gluon fields at lightcone infinity into account, though
the explicit derivation is very technical in nature [118]. Similarly, the gluon insertions to
the conjugate amplitude lead to the transverse Wilson line UT

[0T ;∞T ]. Taking all possible
couplings of collinear gluons and transverse gluons at lightcone infinity into account,
both to the amplitude and to the conjugate amplitude, the expression of the original bare
diagram in equation (3.1) is again obtained, but with the gauge invariant quark correlator
that contains a future pointing Wilson line:

Φ[+](x,pT ) =

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ〈P,S |ψ(0)U[+] ψ(ξ) |P,S 〉⌋LF . (3.12)

To get a fully gauge invariant expression this procedure should be repeated for the quark
fragmentation correlator, involving insertions of gluons that are collinear to the outgoing
hadron and also the coupling of collinear gluons coming from the incoming and outgoing
hadrons [116].

Though the explicit resummation of all gluon insertions is quite tedious, the Wilson
line that it leads to can be predicted by a simple consideration of the collinear gluon
insertions, since these also determine which transverse gluons contribute to the gauge
link through the choice of pole prescription in expression (3.8) (or the corresponding
expression for the case of fragmentation with the exponent e−iη·Ph/z). For instance, to
calculate the gauge link that enters in the quark fragmentation correlator in SIDIS, it is the
initial state interaction in Figure 3.2b that must (amongst others) be taken into account.
Because in this case the gluon kµ1 ≈z−1

1 Pµ
h is (approximately) collinear to the observed

hadron Ph in the final state, the eikonal approximation leads to:

Pρ
h Hρν;a(p,k;p1) = (ieqγν)

i( /p− /k1)
(p−k1)2+iε

(ig /Ph ta) ≈ Hν(p,k)
gta

z−1
1 −iε

, (3.13)

using that in the hadron tensor this expression will appear right-multiplied by the quark
correlator Φ(p). As in expression (3.7a) for the quark correlator it is seen that this eikonal
factor will lead to a Wilson line. However, since the quark-gluon correlator ∆A(k,k1)
involves the exponent e−ik1·(η−ξ) the Wilson line Unh

[−∞;ξ] that runs from lightcone minus
infinity to the point ξ in the lightcone nh-direction is obtained. Here nh is the direction
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conjugate to Ph, defined through the Sudakov decomposition k=z−1Ph+σhnh+kT of the
momentum of the quark in the final state. The transverse fields at lightcone minus infinity
Aα

T (η·Ph=−∞) will give the corresponding transverse piece of the gauge link. Adding the
gluon couplings to the conjugate amplitude will, in the end, lead to the gauge invariant
quark fragmentation correlator on the light-front LF (ξ·nh≡0):

∆[U]( 1
z ,kT

)
=

∫∑
X

∫
d(ξ·Ph)d2ξT

(2π)3 e−ik·ξ

× 〈0|UT
[∞T ;0T ]U

nh
[−∞;0]ψ(0) |Ph,X〉〈Ph,X|ψ(ξ)Unh

[ξ;−∞]U
T
[ξT ;∞T ] |0〉

⌋
LF ,

(3.14)

where the Wilson lines are (the hermitian conjugates of) those in Figure 2.9a. The gluon
fields (Wilson lines) that connect to the space-time point ξ appear in the matrix element
〈Ph,X|ψ(ξ) |0〉, while the gluon fields that connect to the space time point 0 belong to the
matrix element 〈0|ψ(0) |Ph,X〉. Due to the explicit appearence of the final state hadron
Ph, the summation over final states

∫∑
X |Ph,X〉〈Ph,X| is not complete. Therefore, this sum-

mation cannot be set to the unit operator to obtain a single matrix element with a past
pointing Wilson line. Certainly when we will encounter more complicated gauge link
structures in later sections an explicit notation as in (3.14) with the gauge link split up in
Wilson lines that couple to the point ξ in one matrix element and Wilson lines that couple
to the point 0 in the other, becomes a very unpractical notation. Therefore, we will use
the schematic notation

∆[U]( 1
z ,kT

) ∝ 〈
ψ(ξ)U ψ(0)

〉
, (3.15)

where it is understood that this expression is split up in a matrix element with the fields
at ξ and a matrix element with the fields at 0. The proportionality contains the required
summations and integrations over final state phase-space.

Similarly, the Wilson lines that enter in the quark correlator in Drell-Yan scattering
can easily be predicted. The initial state interaction in Figure 3.2c is the only one-gluon
insertion to the hard amplitude. Because in this case the momenta k and p1 add instead of
subtract, an advanced pole is obtained rather than a retarded pole in the eikonal approxi-
mation:

Pρ Hρν;a(p,k;p1) = (ig /Pta)
−i( /k+ /p1)

(k+p1)2+iε
(ieqγν) ≈ gta

x1+iε
Hν(p,k) , (3.16)

using that in the hadron tensor this expression will appear left-multiplied by the antiquark
correlator Φ̄(k). Absorbing this eikonal factor and the integration over the gluon mo-
mentum p1 into the quark correlator Φ(n·A) (cf. expression (3.7a) with the advanced pole
prescription) it follows that it gives rise to (the order g term of) the Wilson line Un

[−∞;ξ]
that runs from lightcone minus infinity to the point ξ in the lightcone n-direction. Through
the relation (3.8) with the advanced pole prescription (x+iε)−1 it is also seen that it will be
the transverse fields at lightcone minus infinity Aα

T (η·P=−∞) that will give the transverse
piece of the gauge link. Adding the gluon couplings to the conjugate amplitude will, in
the end, lead to the gauge invariant quark correlator that contains the past pointing Wilson
lineU[−]. The gauge invariant correlators in the most straightforward hadronic processes
with electromagnetic hard scattering are summarized in Figure 3.3.
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Φ ∝ 〈
ψ(0)U[+] ψ(ξ)

〉

∆ ∝ 〈
ψ(ξ)U[−]† ψ(0)

〉

Φ ∝ 〈
ψ(0)U[−] ψ(ξ)

〉

Φ̄ ∝ 〈
ψ(ξ)U[−]† ψ(0)

〉

∆ ∝ 〈
ψ(ξ)U[+]† ψ(0)

〉

∆̄ ∝ 〈
ψ(0)U[+] ψ(ξ)

〉

Figure 3.3: The correlators for the leading hard subprocesses in SIDIS,
Drell-Yan scattering and e+e−-annihilation, making use of the schematic
notation explained in the text.

3.2 Beyond Purely Electroweak Processes:
Direct Photon Production

For some time the future and past pointing Wilson lines were the only known gauge link
structures. As stated, the gauge link can be calculated by resumming all collinear gluon
interactions between the soft and hard functions. For basic electromagnetic processes
such as SIDIS, Drell-Yan scattering and electron-positron annihilation this resummation
is reasonably straightforward due to the relative simplicity of the hard functions, which
are just electromagnetic vertices in the Born approximation. For processes with more
complicated hard functions the resummation of collinear gluons can quickly become very
involved and it was almost taken for granted that also in those processes the future and
past pointing Wilson lines are the only gauge link structures that occur in the distribution
and fragmentation functions. That situation changed when the resummation of collinear
gluons in some more complicated processes that also contain strong interactions was for
the first time explicitly carried out [132] (though more complicated structures can already
appear in processes with purely electromagnetic hard functions). To illustrate the appear-
ance of more complicated gauge link structures we will in this section consider hadronic
back-to-back photon-jet production P1+P2→γ+Jet+X.

The diagram in Figure 3.4b is a possible contribution to the hard squared amplitude
of direct photon production (a prompt or direct photon is a photon that was created in
the hard scattering process rather than in subsequent fragmentation or hadronic decay
processes). For this diagram we will calculate the gauge link structure that enters in the
quark distribution correlator. It can be calculated by resumming the diagrams obtained
from the one in Figure 3.4b by dressing it with gluons collinear to the incoming quark
and its parent hadron. The transversally polarized gluons at lightcone infinity will have to
be taken into account as well to close the gauge link structure. However, as we have seen
in the previous section, it are the collinear gluons that ultimately determine whether it are
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Figure 3.4: A tree-level contribution to the hard amplitude (a) and squared
amplitude (b) of hadronic prompt photon production.

the transverse gluons at plus or minus lightcone infinity that contribute at leading twist.
Hence, the collinearly polarized gluons suffice to predict the full structure of the gauge
link. We will content ourselves here with the leading twist contribution from the collinear
gluons, since our aim is to sketch how the Wilson lines arise, rather than to give a full
and thorough but tedious calculation. Also all masses will be neglected. More explicit
derivations of gauge links and other examples can, e.g., be found in ref. [83].

With the above in mind, the expression of the basic hard amplitude in Figure 3.4a
reads (suppressing the indices µ and ν on the hard functions and using (ij) and (ab) to
indicate color triplet and octet indices, respectively)

Hij,b(p,k,q,`) =
(
igγνtb

ij
) i( /̀− /k)
(`−k)2+iε

(
ieqγµ

)
. (3.17)

In the cross section for hadronic back-to-back photon-jet production it will appear convo-
luted with the distribution correlators for the incoming quark

dσ ∝ Hij,b(p,k,q,`)Φ jk(p) ⊗ · · · . (3.18)

The “⊗ · · · ” indicates a multiplication by the antiquark correlator, a hard conjugate ampli-
tude and gluon and photon cut propagators, an integration over parton momenta, a sum-
mation over flavors and the appropriate tracing. The exact expression for the hadronic
cross section will be considered in section 4.4 and it will be kept only very illustrative
here. We will calculate the gauge link that is obtained in the quark distribution correlator
Φ(p) after resumming all the gluon interactions between this soft function and the hard
amplitude. At leading twist the one-gluon exchange with the amplitude schematically
enters in the hadronic cross section as

1
P·n

∫
d4p1 PρHρ,ij,ab(p,k,q,`;p1)

(
Φa

n·A
)

jk(p,p1) ⊗ · · · , (3.19)

for collinearly polarized gluons (i.e. Φ
aρ
A ≈Pρ nλΦaλ

A /(P·n)≡PρΦa
n·A/(P·n)). The elements

in “⊗ · · · ” do not depend on the momentum p1≈ x1P of the additional gluon and equal
those in the Born term (3.18). There are three contributions to the hard function in (3.19)
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Figure 3.5: Examples of dressed hard amplitudes in direct photon production: initial
state interaction H I (a); final state interaction HF (b); internal interaction H int. (c).

that are obtained by adding an extra gluon to the basic hard function in Figure 3.4a (for
the same reason as in the previous section the coupling to the incoming quark is not taken
into account). They are displayed in Figure 3.5. As in the Drell-Yan scattering process
there is an antiquark in the initial state. Correspondingly, the additional collinear gluon
can give rise to the initial-state interaction in Figure 3.5a. Its expression is

PρHI
ρ,ij,ab(p,k,q,`;p1) =

(
ig /Pta

ii′
) −i( /k+ /p1)
(k+p1)2+iε

(
igγνtb

i′j
) i( /̀− /k− /p1)
(`−k−p1)2+iε

(
ieqγµ

)
. (3.20)

Again, realizing that in the hadronic cross section (3.19) this expression will appear left
multiplied by the antiquark correlator Φ̄(k), we can at leading twist effectively make the
eikonal approximation:

PρHI
ρ,ij,ab(p,k,q,`;p1) =

gta
ii′

x1+iε
Hi′j,b(p−p1,k+p1,q,`) , (3.21)

where the H on the r.h.s. is the original basic hard function (3.17). In the previous section
we have seen how upon Fourier transformation the same eikonal factor in Drell-Yan scat-
tering gave rise to (the order g term of) a past pointing Wilson line in the quark correlator.
However, in this case the eikonal factor and the integration over p1 cannot be absorbed in
the correlator Φn·A(p,p1), since the dependence on this momentum does not factor from
the hard function. That is, there is a residual flow of the momentum p1 through the ba-
sic hard function H on the r.h.s. of (3.21). Hence, the initial state interaction does not
(immediately) lead to a gauge link. Another way of formulating this is the following.
It is the pole of vanishing momentum fraction x1 =0 corresponding to a soft gluon that
gives rise to a future or past pointing Wilson line upon Fourier transformation, depending
on the pole prescription. The same holds true for the eikonal factor in the initial state
interaction (3.21). However, in that expression there is also a pole in x1 away from 0
(the pole at x1 = (`−k)2/2(`−k)·P hidden in the propagator of the intermediate quark) that
upon Fourier transformation does not lead to a meaningful expression. Anticipating the
main conclusion of this section, the unwanted pole in x1 will be removed by the internal
interaction in Figure 3.5c.
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Since the gluon can couple to itself, there is also a final state interaction for the photo-
production hard amplitude, Figure 3.5b. Its expression is

PρHF
ρ,ij,ab(p,k,q,`;p1)

= Pρ igW ρ
νσ(p1,−`,`−p1)(T a)bc Dσλ

cd (`−p1)
(
igγλtd

ij
) i( /̀− /p1− /k)
(`−p1−k)2+iε

(
ieqγµ

)
,

(3.22)

where W ρ
νσ is (the Lorentz structure of) the three-gluon vertex, Figure 3.6, and Dσλ

cd is the
gluon propagator. We will work in the axial gauge 3·Aa≡0 where it is given by

Dµν
ab (k) =

−iδab

k2+iε

{
gµν +

(
32+ 1

λ
k2) kµkν

(k·3)2 −
k{µ3ν}

k·3
}
. (3.23)

In the hadronic cross section the external gluon leg of the hard function (3.22) will ap-
pear contracted with a cut gluon propagator. After some algebra it can be shown that
under those conditions the extra gluon vertex and propagator combination introduced by
the final-state interaction can, at leading twist, effectively be eikonalized to the factor
g λ
ν g(T a)bd(x1−iε)−1:

PρHF
ρ,ij,ab(p,k,q,`;p1) = −g i f abb′

x1−iε
Hij,b′ (p−p1,k,q,`−p1) , (3.24)

where the H on the r.h.s. is the original basic hard function (3.17). This is the same eikonal
factor as for the outgoing quark in SIDIS, except that here the color matrix T a appears
in the adjoint representation rather than in the fundamental representation. Again we see
that the momentum p1 of the collinear gluon does not factor from the basic hard function.
Therefore, in contrast to what happens in SIDIS, the eikonal factor and the integration
over p1 cannot be absorbed in the correlator Φn·A(p,p1) to give a Wilson line.

There remains one possible contribution, the one where the collinear gluon attaches
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to the intermediate quark, Figure 3.5c. It is given by

PρHint.
ρ,ij,b(p,k,q,`;p1)

=
(
igγνtb

ii′
) i( /̀− /k)
(`−k)2+iε

(
ig /Pta

i′j
) i( /̀− /k− /p1)
(`−k−p1)2+iε

(
ieqγµ

)
(3.25a)

=

{ (
igγνtb

ii′
) i( /̀− /k)
(`−k)2+iε

(
ieqγµ

) − (
igγνtb

ii′
) i( /̀− /k− /p1)
(`−k−p1)2+iε

(
ieqγµ

) } [ gta
i′j

x1

]
. (3.25b)

In the last step we have made a partial fraction decomposition of the two intermediate
quark propagators. This gives rise to an overall factor x−1

1 that needs a certain pole pre-
scription. The partial fraction decomposition does not tell if it is the principle value Px−1

1 ,
the advanced (x1+iε)−1 or the retarded pole (x1−iε)−1 that should be used. However, it
does not matter which prescription is used, since they differ from one another by terms
proportional to δ(x1) and the expression between braces that it multiplies vanishes at x1 =0
(it does not contain any poles at x1 =0). The observation that the pole prescription in the
factor x−1

1 is immaterial is in (3.25b) symbolically indicated with the brackets [ · ]. To get
the proper cancellation of terms the position of the color matrices can be interchanged us-
ing tbta = tatb−i f abb′ tb′ . Since we are free to choose the pole prescription of x1, we choose
the advanced pole prescription for the color structure tatb and the retarded pole for the
structure i f abb′ tb′ , such that expression (3.25b) becomes:

PρHint.
ρ,ij,b(p,k,q,`;p1)

=
gta

ii′

x1+iε

{
Hi′j,b(p,k,q,`) − Hi′j,b(p−p1,k+p1,q,`)

}

− gi f abb′

x1−iε

{
Hij,b′ (p,k,q,`) − Hij,b′ (p−p1,k,q,`−p1)

}
, (3.26)

where once again the functions H on the r.h.s. are the basic hard functions in (3.17). With
these choices of pole prescriptions it is seen that in the sum over all three contributions in
Figure 3.5 the flow of momentum p1 through the basic hard function cancels

Pρ Hρ,ij,ab(p,k,q,`;p1)

= Pρ ( HI
ρ,ij,ab(p,k,q,`;p1) + HF

ρ,ij,ab(p,k,q,`;p1) + Hint.
ρ,ij,ab(p,k,q,`;p1)

)

=
g (T a)ii′

x1+iε
Hi′j,b(p,k,q,`) +

g (T a)bb′

x1−iε
Hij,b′ (p,k,q,`) . (3.27)

Since the momentum fraction x1 has now factored from the hard function, the integra-
tion over the momentum p1 of the collinear gluon in expression (3.19) can be performed
independently from the internal structure of the basic hard function H(p,k,q,`). Due to
the exponent in the correlator Φn·A in (3.3) the integration actually amounts to taking the
Fourier transform. Explicitly writing the gluon field in the correlator Φn·A and the inte-
gration over η we get from (3.27) upon Fourier transformation

1
P·n

∫
d4p1

∫
d4η

(2π)4 eip1·(η−ξ)(n·Aa)(η) PρHρ,ij,ab(p,k,q,`;p1)

=
{ (

Un
[−∞;ξ]

)
ii′

(
Un

[+∞;ξ]
)
bb′

}g Hi′j,b′ (p,k,q,`) .
(3.28)
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Figure 3.7: Wilson line attachments to the hard amplitude (a) and the squared amplitude (b).
The 3 and 8 refer to the fundamental and adjoint representations of SU(N), respectively.

The { · }g indicates the order g term of the structure between braces. The Wilson lines are
given by

Un
[±∞;ξ] = exp

[
− ig

∫ 0

±∞
dλ

(
n·Aa)(ξ+λn) T a

]
, (3.29)

where we take the fundamental representation for the color matrices when we use color-
triplet indices and the adjoint representation when using color-octet indices. The hard
function H(p,k,q,`) in (3.28) is the basic hard function (3.17).

The sum of all two-gluon insertions to the basic hard function in Figure 3.4a will lead
to the order g2 term of the structure between braces in (3.28), though a demonstration of
this with an explicit calculation including also all possible internal couplings as was done
for the one-gluon case is quite involved. Similarly, resumming all possible insertions of
any number of collinear gluons will lead to the full Wilson lines, see Figure 3.7a. As
in the previous section, the resummation of all possible gluon insertions in the conjugate
amplitude will lead to the Wilson lines Un

[0;±∞] connecting to the space-time point 0. We
will conjecture that the inclusion of transversally polarized gluon fields at lightcone in-
finity will give the corresponding transverse pieces of the gauge links, as they should to
close the integration paths. Resumming all collinear gluon insertions to the amplitude and
to the conjugate amplitude will, then, give the original squared amplitude with the gauge
link structure in Figure 2.9b connected to the gluon leg and the gauge link structure in Fig-
ure 2.9a connected to the antiquark leg. Summarizing, the resummation of the basic hard
function in Figure 3.4b and all the corresponding dressed diagrams has led to the original
hard function with a future pointing Wilson line attached to the outgoing gluon leg and
a past pointing Wilson line attached to the incoming antiquark leg, see Figure 3.7b. The
Wilson line that attaches to the gluon leg is in the adjoint representation, while the Wilson
line that attaches to the antiquark leg is in the fundamental representation. Through the
relation

(
U[C]

[η;ξ]

)
ab

=
1

TF
Tr

[
taU[C]

[η;ξ] tbU[C]†
[η;ξ]

]
, (3.30)

a Wilson line in the adjoint representation can also be regarded as two Wilson lines in the
fundamental representation.
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Figure 3.8: Color-flow decomposition of the hard squared amplitude in Figure 3.4b
divided by the color factor of the diagram.

As a caveat it should be mentioned that the expression in (3.28) and Figures 3.7 are
schematic in the sense that when we say that the Wilson lines connect to the external legs,
we refer to the color structure of the Wilson lines only. The gluon operators obviously
appear between the quark field operators in the hadronic matrix element of the incoming
hadron. What is desired is that the full structure of the gauge link, its operator structure
and its color structure, are contained in the quark correlator. To achieve this one can
pull (the color structure of) the Wilson lines through the hard function by making use of
relation (3.30) and the color-flow identity

ta
ij ta

kl = TF
(
δil δjk − 1

N δij δkl
)
. (3.31)

Discarding all kinematical factors, we write the color structure of the diagram in Fig-
ure 3.7b as Tr

[
Φ {H†b}cU[−] {Ha}c

]U[+]
ba , where the braces { · }c refer to the color structure

of the enclosed hard function, that is {Ha}c = ta where the color matrix stems from the
quark-gluon vertex. Using the identities in (3.30) and (3.31) it can be rewritten to

Tr
[
Φ tbU[−] ta ]U[+]

ba

=
1

TF
Tr

[
Φ tbU[−] ta ]

Tr
[
tbU[+] taU[+]† ]

= Tr
[
Φ

{ N2

N2−1
Tr[U[−]U[+]†]

N
U[+] − 1

N2−1
U[−]

}
tata

]
. (3.32)

In the last step the color structures of the Wilson lines have been pulled through the basic
squared amplitude. Hence, they can now be absorbed into the quark correlator Φ, leading
to the expression Tr[Φ[U] {H†H}c ] of the original squared amplitude, Figure 3.4b, but
with the color gauge invariant correlator

Φ[U](x,pT ) =

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ

× 〈P,S |ψ(0)
{ N2

N2−1
Tr[U[�]†]

N
U[+] − 1

N2−1
U[−]

}
ψ(ξ) |P,S 〉⌋LF ,

(3.33)

whereU[�] =U[+]U[−]† is the Wilson loop in Figure 2.10.
In Figure 3.8 we have decomposed the hard squared amplitude in color-flow diagrams

to make the steps in (3.32) and (3.33) more transparent. The color factor of the basic
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Φ ∝ 〈
ψ(0)

{ N2

N2−1
Tr

[U[�] ]

N
U[−]− 1

N2−1
U[+]

}
ψ(ξ)

〉

Γ ∝ 〈
Tr

[
F(0)U[+] F(ξ)U[−]† ] 〉

∆ ∝ 〈
ψ(ξ)U[−]† ψ(0)

〉



Φ ∝ 〈
ψ(0)

{ N2

N2−1
Tr

[U[�]† ]

N
U[+]− 1

N2−1
U[−]

}
ψ(ξ)

〉

Φ̄ ∝ 〈
ψ(ξ)

{ N2

N2−1
Tr

[U[�] ]

N
U[+]†− 1

N2−1
U[−]†

}
ψ(0)

〉

Γ̂ ∝ 〈
Tr

[
F(0)U[−] F(ξ)U[−]† ] 〉

Figure 3.9: Cut diagrams and corresponding quark and gluon distribution and fragmentation
correlators encountered in hadronic direct photon production. For the correlators we use the
symbolic notation that was also used in Figure 3.3.

hard function in Figure 3.4b has been divided out and use was made of the relation (3.30)
to write the Wilson line in the adjoint representation in terms of two Wilson lines in
the fundamental representation. Looking at Figure 3.8 it is seen that the two terms of
the gauge link in (3.33) correspond to the two terms in the color decomposition of the
hard squared amplitude. In particular, the traced Wilson loop Tr[U[�]†] comes from the
closed color loop in the first term of Figure 3.8. In the large-N limit N→∞ this term
survives, while the second term vanishes. Hence, though one might have expected a past
pointing Wilson line for the contribution in Figure 3.4b, since the hard diagram is just like
the Drell-Yan diagram with an additional radiated gluon, it is in fact the future pointing
Wilson line of the outgoing gluon that gives the dominant contribution. The gauge link
structure corresponding to the diagram in Figure 3.4b was already calculated in ref. [132]
(though there it was not presented in the context of prompt photon production) and it was
the first time that a more complicated gauge link structure than the future or past pointing
Wilson lines was observed.

Having resummed all diagrams dressed with collinear gluons from the incoming had-
ron (and the contributions from gluon fields at lightcone infinity), the contribution of the
squared amplitude in Figure 3.4b to the cross section becomes

dσ ∝ H(p,k,q,`)Φ[U](p) ⊗ · · · , (3.34)

which is just the expression for the parton model diagram (3.18), but with the matrix ele-
ment Φ replaced by the color gauge invariant correlator Φ[U] given in equation (3.33).
This procedure should be repeated for every correlator corresponding to an observed
hadron. This involves also insertions of gluons that are collinear to those hadrons and
the coupling of collinear gluons coming from different hadrons [116]. All gauge invari-
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Figure 3.10: The Wilson lines that attach to the external legs of the hard scattering amplitude
and conjugate amplitude as a consequence of the resummation of collinear gluons. The 8 and
3 refer to the adjoint and fundamental representations of SU(N), respectively.

ant correlators in hadronic direct photon production obtained in this way are listed in
Figure 3.9.

3.3 Wilson Lines for General Hard Functions

To obtain the gauge link corresponding to a certain hard scattering function all collinear
gluon insertions (and transverse gluons at lightcone infinity) must be taken into account.
This also involves the coupling of these gluons to intermediate quark and/or gluon prop-
agators. As we have seen for the example in the previous section, it is only when also
these interactions are added that the momentum flow of the coupled gluons cancels in
the hard scattering amplitude to give rise to the gauge link. Stated differently, it is only
when also the internal interactions are accounted for that the poles in the hard functions
that do not correspond to soft gluons (vanishing momentum fractions) cancel. The neces-
sity to also take all internal interactions into account considerably complicates an explicit
calculation, as the one in the previous section. Certainly, it is not feasible to derive all
gauge links with explicit calculations in processes like back-to-back pion production in
proton-proton scattering (p↑p→ππX, will be considered in chapter 4), since already at
tree-level there are many possible Feynman diagrams that contribute and because almost
all of them also have intermediate particles exchanged. Therefore, we are in dire need
of a prescription that allows one to predict the gauge link structure from more general
principles. Guided by the example in the previous section we will conjecture just such a
prescription below. In section 3.4 we will give some leading twist arguments to support
this conjecture.

In essence the prescription to predict the gauge link structure in transverse momen-
tum dependent correlators relies on the assumption that, as in the example in the previous
section, the only effect of the internal interactions is to move all the soft gluon physics
to the external legs of the hard functions. There the resummation of all soft gluons leads
to the attachment of Wilson lines to every external leg of the basic hard function, except
to those that connect the hard part and the correlator from which the soft gluons emerge.
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contribution to
H ‘free’ wave functions fields in correlator other gauge links

incoming quark ui(p) 〈X|δij ψj(ξ) |H〉 eip·ξ ( Un
[ξ;−∞] )ij

incoming antiquark 3i(p) 〈X|ψj(ξ) δji |H〉 eip·ξ ( Un
[−∞;ξ] )ji

incoming gluon εa(p) 〈X|δab Fµν
b (ξ) |H〉 eip·ξ ( Un

[ξ;−∞] )ab

outgoing quark ui(k) 〈hX|ψj(ξ) δji |0〉 e−ik·ξ ( Un
[+∞;ξ] )ji

outgoing antiquark 3i(k) 〈hX|δij ψj(ξ) |0〉 e−ik·ξ ( Un
[ξ;+∞] )ij

outgoing gluon ε∗a(k) 〈hX|F µν

b (ξ) δba |0〉 e−ik·ξ ( Un
[+∞;ξ] )ba

contribution to
H † ‘free’ wave functions fields in correlator other gauge links

incoming quark ui(p) 〈H|ψj(0) δji |X〉 ( Un
[−∞;0] )ji

incoming antiquark 3i(p) 〈H|δij ψj(0) |X〉 ( Un
[0;−∞] )ij

incoming gluon εa(p) 〈H|F µν
b (0) δba |X〉 ( Un

[−∞;0] )ba

outgoing quark ui(k) 〈0|δij ψj(0) |hX〉 ( Un
[0;+∞] )ij

outgoing antiquark 3i(k) 〈0|ψj(0) δji |hX〉 ( Un
[+∞;0] )ji

outgoing gluon ε∗a(k) 〈0|δab Fµν
b (0) |hX〉 ( Un

[0;+∞] )ab

Table 3.1: Fields and Wilson lines that play a role in hadron correlators. For comparison the
standard free wave functions for the external partons of the hard scattering amplitudes are given
in the second column. The third column shows how the partons appear in the correlators. The
fourth column gives the Wilson lines that attach to the external partons as a consequence of the
resummation of collinear gluons. The upper and lower panels correspond to the hard amplitude
and conjugate amplitude, respectively. Here and in the rest of this chapter subscripts (ij) are
color-triplet and (ab) color-octet indices.

The kind of Wilson lines that attach to the external legs depends only on the nature of the
external partons and not on the long or short distance processes. They are summarized
in Figure 3.10 and Table 3.1. The final result is, then, obtained by pulling all the Wilson
lines through the color charges of the hard parts, moving them to the correlator under con-
sideration where they combine into the desired gauge link. The subprocess-dependence
of the gauge link structure comes from this last step.

The resummation of collinear gluons described above leads to a certain gauge link
structure in the lightcone n-direction. We will conjecture that this structure is properly
closed at lightcone infinity by also taking transversally polarized gluons at lightcone plus
and minus infinity into account, as it should to obtain a gauge invariant parton correlator.
This completes the derivation of the full gauge link and provides us with a calculational
scheme (in an arbitrary gauge) for a general scattering diagram.

To be more precise, the calculational scheme consists of the following steps. Suppose
that one is considering a particular hard squared amplitude. The external legs of this hard
function either appear as free spinors (second column of Table 3.1) hidden in cut propa-
gators or as matrix elements (third column of Table 3.1) in distribution or fragmentation
correlators. For a given external parton of the hard squared amplitude the resummation
of all gluons collinear to it amounts to replacing the color wave functions of the other
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external partons, i.e. the δi j for (anti)quarks and the δab for gluons (cf. the third column
of Table 3.1), by the Wilson lines in the fourth column of Table 3.1. All these Wilson
lines should be pulled through the color structure of the hard functions (using color-flow
identities such as the one in (3.31)) moving them to the external leg of the given parton.
In the final expression the transverse pieces of the gauge link can be included unambigu-
ously. The resulting structure of Wilson lines can now be absorbed in the correlator of the
parton under consideration, leading to the required gauge invariant transverse momentum
dependent correlator.

Once again we emphasize that the process that leads to the attachment of the Wilson
lines to the external legs of the hard scattering amplitude is independent of the particular
internal structure of the hard amplitude. As was mentioned before, when we say that a
Wilson line attaches to an external leg of the hard function, we specifically refer to the
color structure of the Wilson line. The field operators themselves always appear in the
matrix elements corresponding to the hadron from which they emerge. Therefore, it is
really the color-flow structure (and not the fermion flow structure) of the hard amplitudes
that matters when pulling the Wilson lines through the hard function in order to absorb
them in the parton correlator (needless to say that for purely electromagnetic hard func-
tions the fermion flow equals the color-flow). It is in this “pull-through” step that the
particular internal structure of the hard function plays a role. To illustrate the procedure
outlined above, we will give some characteristic examples.

3.3.1 Example 1: Distribution in SIDIS and Drell-Yan

In SIDIS and Drell-Yan scattering the prescription described above readily reproduces the
familiar future and past pointing Wilson lines. This is straightforwardly seen, since these
are processes with purely electromagnetic hard functions (at tree-level). We will anyway
go through the steps of the prescription to illustrate them in a simple example.

The color parts of the expressions for the SIDIS and Drell-Yan scattering diagrams
are Tr[Φ∆ ] and Tr[ΦΦ̄ ], respectively (cf. Figure 3.3). Before the usual color summation
(distribution) or color averaging (fragmentation) is carried out, the matrix elements in the
correlation functions are

Φi j(p) =

∫∑
X

∫
d4ξ

(2π)4 eip·ξ 〈X|ψi(ξ) |H〉 〈H|ψj(0) |X〉 , (3.35a)

Φ̄i j(p) =

∫∑
X

∫
d4ξ

(2π)4 eip·ξ 〈H|ψi(0) |X〉 〈X|ψj(ξ) |H〉 , (3.35b)

∆i j(k) =

∫∑
X

∫
d4ξ

(2π)4 e−ik·ξ 〈0|ψi(0) |hX〉 〈hX|ψj(ξ) |0〉 . (3.35c)

According to the prescription we can resum all interactions of collinear gluons for the in-
coming quark correlator Φ(p) in SIDIS and Drell-Yan scattering by taking the appropriate
Wilson lines (as prescribed by Table 3.1) instead of the matrix elements in equation (3.35)
for the other correlators. This amounts to making the replacement

∆i j → (
Un

[0;+∞]U
n
[+∞;ξ]

)
i j , (3.36a)
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Figure 3.11: Examples of partonic scattering processes that contribute to proton-proton colli-
sions: (a) a quark-gluon scattering contribution; (b) a gluon-gluon scattering contribution.

in SIDIS and the replacement

Φ̄i j → (
Un

[0;−∞]U
n
[−∞;ξ]

)
i j , (3.36b)

in Drell-Yan scattering. The quark correlator Φ(p) is left untouched since it is its gauge
link that we are calculating. Making these replacements and including the transverse
pieces of the gauge links at ξ·P=±∞, the color parts of the expressions for SIDIS and
Drell-Yan scattering become Tr[ΦU[+]] and Tr[ΦU[−]], respectively. The color structure
of the Wilson lines can be absorbed into the correlator to obtain the gauge invariant quark
correlators given in Figure 3.3. The occurrence of a future pointing Wilson line in SIDIS
and a past pointing Wilson line in Drell-Yan scattering is sometimes assigned to the virtual
photon being space-like in SIDIS and time-like in Drell-Yan scattering. From the point
of view of the prescription used above one gets a future pointing Wilson line in SIDIS,
because the color-flow runs via an outgoing quark. Similarly, one gets a past pointing
Wilson line in Drell-Yan scattering, because there the color-flow runs via an incoming
antiquark. That is the point of view that allows for a generalization to more complicated
processes. Indeed, in the explicit resummations in section 3.1 the virtuality of the photon
did not play a role.

3.3.2 Example 2: Gluon Distribution in Quark-Gluon Scattering

To study how gauge invariant gluon correlators arise the transverse momentum dependent
gluon distribution correlator for the diagram in Figure 3.11a will now be considered. This
is one of the quark-gluon scattering diagrams that contribute in proton-proton collisions.
In analogy to the gauge invariant quark correlator Φ[U](x,pT)∝〈

ψi(0)
(U[C]

[0;ξ]
)
i jψj(ξ)

〉
, a

similar expression in the adjoint representation may be expected for the gluon correla-
tor Γ[U](x,pT)∝〈

Fa(0)
(U[C]

[0;ξ]
)
ab Fb(ξ)

〉
(for notational ease we will suppress the Lorentz

indices of the field-strength tensors in this chapter). Through the relation (3.30) this ex-
pression can be recast in a form that only contains Wilson lines in the fundamental rep-
resentation Γ[U](x,pT)∝〈

Tr
[
F(0)U[C]

[0;ξ] F(ξ)U[C]†
[0;ξ]

] 〉
, where F≡Fata and the hermitian

conjugation essentially just reverses the direction of the integration path of the Wilson
line. Obviously, a more general gauge invariant gluon correlator is obtained in the fun-
damental representation by allowing the two Wilson lines to be unrelated to one another:
Γ[U1,U2](x,pT)∝〈

Tr
[
F(0)U[C1]

[0;ξ] F(ξ)U[C2]
[ξ;0]

] 〉
. In the explicit example that will be worked

out below we will see that it is, in fact, this more general situation that is realized.
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Explicitly writing the summation over final states, the two-gluon distribution and frag-
mentation correlators involve the matrix elements

Γab(p) =

∫∑
X

∫
d4ξ

(2π)4 eip·ξ 〈X| Fa(ξ) |H〉 〈H| Fb(0) |X〉 , (3.37a)

Γ̂ab(k) =

∫∑
X

∫
d4ξ

(2π)4 e−ik·ξ 〈0| Fa(0) |hX〉 〈hX| Fb(ξ) |0〉 . (3.37b)

The color part of the expression for the diagram in Figure 3.11a is

Tr
[
Φ(p2) ta ∆(k2) tb ]

i f acd i f bc′d′ Γ̂cc′ (k1) Γd′d(p1) . (3.38)

Following the prescription we can resum all collinear gluon interactions for the gluon
correlator Γ(p1) by replacing the matrix elements in the correlators in (3.35a), (3.35c)
and (3.37b) by the appropriate Wilson lines as prescribed by Table 3.1. This amounts to
making the replacement (3.36a) for the quark fragmentation correlator and the replace-
ments

Φi j(p2)→ (
Un

[ξ;−∞]U
n
[−∞;0]

)
i j , (3.39a)

for the quark correlator and

Γ̂ab(k1)→ (
Un

[0;+∞]U
n
[+∞;ξ]

)
ab , (3.39b)

for the gluon fragmentation correlator. For the same reason as in the previous example the
gluon correlator Γ(p1) is left untouched. After making these replacements and including
the transverse pieces of the gauge links expression (3.38) becomes

Tr
[U[−]† taU[+] tb ]

i f acd i f bc′d′U[+]
cc′ Γd′d(p1)

=
1

TF
Tr

[U[−]† taU[+] tb ]
Tr

[
[ta, td]U[+] [tb, td′ ]U[+]† ] Γd′d(p1)

= −2TF N Tr
[

tdU[+] td′
{

1
2U[−]† + 1

2
Tr[U[�]]

N
U[+]† } ] Γd′d(p1) , (3.40)

where we have used (3.30) in the first step and the color-flow identity (3.31) in the second
step. Inserting the expression (3.37a) of the matrix element Γd′d, the expression for the
gauge invariant gluon correlator for the incoming gluon in Fig. 3.11a is seen to be (using
completeness

∫∑
X |X〉〈X| ≡

�
to get rid of the final states)

Γ[U1,U2](x1,p1T) =

∫
d(ξ·P)d2ξT

(2π)3 eip1·ξ

× 〈H|Tr
[

F(0)U[+] F(ξ)
{

1
2U[−]† + 1

2
Tr[U[�]]

N
U[+]† } ] |H〉⌋LF .

(3.41)

The factor −2TF N in (3.40) was not included in the gluon correlator, since this is the
color factor of the tree-level diagram in Figure 3.11a. The gluon correlator in (3.41) is an
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example of the more general case where the Wilson line running from the space-time point
0 to ξ and the Wilson line running from ξ to 0 are not related. Correspondingly, it cannot
be written as a matrix element with a single Wilson line in the adjoint representation
(another example of particular interest where this is the case is the TMD gluon correlator
Γ

(T -odd)
(d) defined in expression (4.21c)).

The procedure described above can be used to derive the gauge invariant correlators
for all Feynman diagrams that can contribute to quark-gluon scattering. Since there are
nine different diagrams there could, in principle, also be nine different transverse mo-
mentum dependent gluon correlators associated with quark-gluon scattering: one gluon
correlator Γ[D]≡ Γ[U1(D),U2(D)] for each cut Feynman diagram D. It turns out that actu-
ally three transverse momentum dependent gluon correlators suffice to summarize all the
gluon correlators in quark-gluon scattering. The gauge invariant gluon correlator associ-
ated to the Feynman diagram D can, then, be written as a particular combination of these
three basic correlators (see section 4.1.2):

Γ[D](x,pT) = Γ(qg→qg)(x,pT) + C[D] ( f )
G πΓ

(qg→qg)
G f

(x,pT) + C[D] (d)
G πΓ

(qg→qg)
Gd

(x,pT) . (3.42)

The correlators on the r.h.s. of this expression do not depend on the particular Feynman
diagram D that contributes to qg→qg scattering (and they were chosen such that they
have particular properties that will be elaborated upon in section 4.1.2). All the diagram
dependence resides in the multiplicative factors C[D]

G . For reasons that will be explained
in section 4.1.1 these factors are called gluonic pole strengths. The gluonic pole strengths
and the correlators that appear in expression (3.42) are given in Table B.3 and in equa-
tions (4.23) and (A.9)-(A.11). Indeed, with the factors in the second row of the left panel
in Table B.3 the gluon correlator in expression (3.41) is recovered.

3.3.3 Example 3: Distribution in Gluon-Gluon Scattering

As the gauge link is obtained by pulling the color structure of the Wilson lines attached
to all the external legs through the hard function it was only necessary to take the color
structure of the hard function into account in the previous examples. In those examples
that is possible, as the color structure of the hard functions factors from the kinematical
part. For gluon-gluon scattering diagrams that only involve three-point vertices this is
also the case. At tree-level there are nine of such contributions (cf. right panel of Ta-
ble B.3). Hence, for each of those contributions the resummation of soft gluons results
in the original basic hard squared amplitude convoluted with gauge invariant correlators.
These correlators can, in principle, be different for each Feynman diagram. However, as
in the previous example they can all be written as a combination of three basic transverse
momentum dependent correlators:

Γ[D](x,pT) = Γ(gg→gg)(x,pT) + C[D] ( f )
G πΓ

(gg→gg)
G f

(x,pT) + C[D] (d)
G πΓ

(gg→gg)
Gd

(x,pT) , (3.43)

where again the matrix elements on the r.h.s. of this expression do not depend on the
particular cut Feynman diagram D that is considered (though they do differ from those in
expression (3.42)). They are obtained through expressions (4.23) and (A.12)-(A.14). As
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is seen from the gluonic pole factors in the right panel of Table B.3, the matrix element
ΓGd in fact does not contribute to gg→gg scattering, though it does for other partonic
processes (the reasoning behind the decomposition (3.43) and the nomenclature of the
matrix elements is explained in section 4.1).

For diagrams that contain 4-gluon vertices the situation is more subtle, since the color
structure is more complex. The 4-gluon vertex is given by

PSfrag replacements

µ,a ν,b

ρ,c σ,d

= −ig2 (
f abe f cde gµ[ρgσ]ν + f ade f bce gµ[νgρ]σ + f ace f bde gµ[νgσ]ρ ) .

Hence, for diagrams that contain such 4-gluon vertices the color structure (in general)
does not factor from the kinematical part. For instance, inserting the expression of the
4-gluon vertex in the diagram in Figure 3.11b one obtains

a1 a2

a3 a4

a5a6

a7a8

=
(

K1 f a1a6b f a3a8b + K2 f a1a8b f a3a6b + K3 f a1a3b f a6a8b )
f a2a5c f a4a7c ,

where the Ki are functions of the kinematical variables of the process. Pictorially we can
represent this expression as follows:

= K1

{ }

c
+ K2

{ }

c
+ K3

{ }

c
. (3.44)

The braces {D}c refer to the color structure of the diagram D. Since it is the color struc-
ture that ultimately fixes the gauge link, the three terms on the r.h.s. of expression (3.44)
will appear convoluted with the gauge invariant correlators of the corresponding color
diagrams between braces { · }c. These correlators are obtained through the decomposi-
tion (3.43) (in concurrence with Table B.3 and equations (A.12)-(A.14)). Hence, the
resummation of soft gluons does not lead to a convolution of gauge invariant correlators
with the original hard function (Figure 3.11b), but rather to a sum of convolutions of
(in general different) gauge invariant correlators with the different color structures of the
original hard function. For example, using the decomposition (3.43) for the gluon corre-
lator Γ[D](p1) with the gluonic pole strengths as given in Table B.3 the contribution of the
diagram in Figure 3.11b to the hadronic cross section is seen to be of the form

Γ(gg→gg)(x1,p1T)
(

K1

{ }

c
+ K2

{ }

c
+ K3

{ }

c

)

+πΓ
(gg→gg)
G f

(x1,p1T)
(

1
2 ·K1

{ }

c
+ 1·K2

{ }

c
+ 0·K3

{ }

c

)

+πΓ
(gg→gg)
Gd

(x1,p1T)
(

0
)
. (3.45)

The convolution with the gluon correlator Γ
(gg→gg)
Gd

does not contribute, since all the glu-
onic pole strengths of this matrix element vanish for the color diagrams in (3.44) (cf. the
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Figure 3.12: The truncated Green’s function Ha2a1
(i2 j2)(i1 j1)(p′,p1,p2,p3,k1,k2,k3).

third column of the right panel in Table B.3). For other partonic processes there will in
general be a non-vanishing ΓGd term. The complete expression for the contribution of the
diagram in Figure 3.11b to the hadronic cross section is obtained by also inserting the
decompositions of the TMD correlators of the other observed hadrons. As is seen from
expression (3.45), the term with the matrix element Γ(gg→gg) for every gluon correlator is
convoluted with the original bare diagram (3.44), while the terms that contain the matrix
elements Γ

(gg→gg)
G f /d

are convoluted with a weighted sum of the color structures of the orig-
inal bare diagram. The weights in this sum are composed of the gluonic pole strengths
CG, one associated to each matrix element Γ

(gg→gg)
G .

In analogy to the Feynman diagram considered above, all other tree-level contribu-
tions to gg→gg scattering that contain 4-gluon vertices can be analyzed using the gauge
invariant correlators corresponding to the color diagrams without 4-gluon vertices given
in Table B.3.

3.4 Motivation for Prescription

In this section we will give some leading twist arguments to argue the correctness of the
prescription that was conjectured in section 3.3. In essence the arguments in this section
follow along the same lines as the example presented in section 3.2, except that here we
will rely on Ward identities rather than on partial fraction decompositions to deal with
internal interactions. The leading twist arguments presented here can possibly be gener-
alized to subleading twist using the methodology of ref. [116]. For concreteness we will
consider the partonic process φ(p′)q(p1)q̄(p2)g(p3)→ q̄(k1)q(k2)g(k3), see Figure 3.12,
and calculate the gauge link that enters in the correlator of the parton φ(p′). This pro-
cess is only schematic, chosen such that it contains all types of partons in the initial and
in the final state. Correspondingly, we do not specify what kind of parton φ(p′) is. In
Figure 3.12 this is indicated by the use of a dashed line for that parton. For instance,
in section 3.2 it is the incoming quark in Figure 3.4 that corresponds to the dashed line
and in the calculation in section 3.3.2 it is the incoming gluon in Figure 3.11a. By the
inclusion of every type of parton in the initial and final state the results for the diagram in
Figure 3.12 can readily be generalized to arbitrary partonic processes (as the photons are
uncolored particles they play no role in this discussion and have been omitted).

In a hadronic scattering process the diagram in Figure 3.12 is described by a truncated
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Figure 3.13: Two possible one-gluon insertions: (a) the insertion of the
additional gluon to the outgoing quark; (b) internal insertion involving the
truncated Green’s function H(µa)a2a1

(i2 j2)(i1 j1)(p;p′−p,p1,p2,p3,k1,k2,k3).

Green’s function Ha2a1
(i2 j2)(i1 j1) with (approximately) on mass-shell external momenta (we

will use i and j for color-triplet indices and a and b will denote color-octet indices).
The external legs of this Green’s function are connected to correlators (or possibly to cut
propagators). The gauge link that enters in the correlator Φ(p′) for the hadron P that
couples to the hard function through parton φ(p′) can be determined by resumming all
insertions of collinear gluons coming from the remnants of hadron P. Two examples
of single-gluon insertions are depicted in Figure 3.13. The gluon p couples everywhere
except to the external leg corresponding to parton φ, since this interaction is part of the
soft physics described by the correlator of hadron P. The one-gluon exchange processes
discussed here involve the generic correlator

Φ
aµ
A (p′−p,p) ∝

∫
d4ξ

(2π)4

d4η

(2π)4 ei(p′−p)·ξeip·η 〈P,S | φ†(0) Aaµ(η) φ(ξ) |P,S 〉 . (3.46)

To leading twist it is collinear to the parent hadron Φ
µ
A∝Pµ nνΦν

A/(P·n) (where the light-
cone vector n is defined through the Sudakov decomposition (2.21) of the momentum of
parton φ(p′)). The same holds true for the corresponding partons p≈ xP and p′≈ x′P.
Hence, in the hadronic process the expressions in Figure 3.13 are effectively contracted
with the momentum Pµ of the hadron.

We will start with the interactions of the collinearly polarized gluon with the external
partons of the hard function. These interactions all involve 3-point vertices that can be
factored in a tensor and a color part, see Figure 3.6. With the notation defined in that
Figure the sum of all interactions with the external partons is (here and in the rest of this
section we suppress all Dirac and Lorentz indices, except the one that is contracted with
the hadron momentum P)

Pµ igV µ(T a) j2 j′ Sj′j(k2−p) Ha2a1
(i2 j)(i1 j1)(p′−p, p1, p2, p3, k1, k2−p, k3)

(outgoing quark) (3.47a)
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+Pµ igV µ(T a)i2i′ Si′i
(−(p2+p)

)
Ha2a1

(ij2)(i1 j1)(p′−p, p1, p2+p, p3, k1, k2, k3)

(incoming antiquark) (3.47b)

+Pµ igW µ(T a)a2b′ Db′b(k3−p) Hba1
(i2 j2)(i1 j1)(p′−p, p1, p2, p3, k1, k2, k3−p, p)

(outgoing gluon) (3.47c)
+Ha2a1

(i2 j2)(i j1)(p′−p, p1+p, p2, p3, k1, k2, k3)Si i′(p1+p) Pµ igV µ(T a)i′i1

(incoming quark) (3.47d)
+Ha2a1

(i2 j2)(i1 j)(p′−p, p1, p2, p3, k1−p, k2, k3)Sj j′
(−(k1−p)

)
Pµ igV µ(T a)j′j1

(outgoing antiquark) (3.47e)

+Ha2b
(i2 j2)(i1 j1)(p′−p, p1, p2, p3+p, k1, k2, k3) Dbb′ (p3+p) Pµ igW µ(T a)b′a1 .

(incoming gluon) (3.47f)

The function H is the original basic hard function in Figure 3.12, though with different
momentum flow as indicated by the arguments of the function. For reasons given earlier
we do not take the coupling to the external leg corresponding to parton φ into account.
The propagators S and D are quark and gluon propagators, respectively, for which we
will use the axial gauge Aa·3≡0. Obviously, the effect of the one-gluon couplings to the
external legs is to introduce an extra vertex and propagator combination to the basic hard
function. With the understanding that the hard functions in Figures 3.12 and 3.13 are
embedded in a hadronic scattering process where the external legs of the hard functions
appear contracted with parton correlators or cut propagators, all these vertex-propagator
combinations can be eikonalized. As an example we explicitly consider the term (3.47a)
which represents the diagram where the collinear gluon p couples to the outgoing quark
k2, Figure 3.13a. In this case the additional vertex and propagator are

Pµ igV µ(T a) j2 j′ Sj′j(k2−p) = ig /Pta
j2 j′

δj′j i( /k2− /p)
(k2−p)2+iε

−→ g(T a) j2 j

x − iε
. (3.48)

The last step is an equality when the vertex-propagator combination appears in a hadronic
process where expression (3.48) will appear left-multiplied by the quark fragmentation
correlator ∆(k2) (or a cut propagator), such that the product ∆(k2) /k2 will only contribute
at O(1/Q) and can be neglected in our leading twist discussion. In addition we have
assumed that at leading twist all the external momenta are approximately on mass-shell
p2

i =k2
i = P2 =0. With the effective form (3.48) the term corresponding to the outgoing

quark k2 becomes

g(T a) j2 j

x − iε
Ha2a1

(i2 j)(i1 j1)(p′, p1, p2, p3, k1, k2, k3)

+
g(T a) j2 j

x − iε

{
Ha2a1

(i2 j)(i1 j1)(p′−p, p1, p2, p3, k1, k2−p, k3)

−Ha2a1
(i2 j)(i1 j1)(p′, p1, p2, p3, k1, k2, k3)

}
. (3.49)

In expression (3.49) a term corresponding to a zero-momentum gluon pµ=0µ has been
added and subtracted. At this point it will be assumed that the hard function in the second



60 chapter 3: gauge links

line of expression (3.49) does not contain any poles at x=0. With that assumption the
term between braces in expression (3.49) vanishes at x=0. Hence, this term is actually
seen to be independent of the pole prescription in the eikonal factor and the (x−iε)−1 in
the second line may be replaced by any other pole prescription (since the different pole
prescriptions differ from one another by terms proportional to δ(x)). All other external
legs can be handled in the same way as the outgoing quark considered above.

Next we will consider the internal interactions of the collinear gluon with the Green’s
function. The sum of all internal insertions can be obtained from a Ward-Takahashi iden-
tity for truncated Green’s functions in the axial gauge (making the same suppression of
indices as was mentioned earlier)

∑

internal
insertions

pµ H(µa)a2a1
(i2 j2)(i1 j1)(p; p′−p, p1, p2, p3, k1, k2, k3)

= −g(T a) j2 j Ha2a1
(i2 j)(i1 j1)(p′−p, p1, p2, p3, k1, k2−p, k3)

(outgoing quark) (3.50a)
−g(T a)i2i Ha2a1

(i j2)(i1 j1)(p′−p, p1, p2+p, p3, k1, k2, k3)

(incoming antiquark) (3.50b)

−g(T a)a2b Hba1
(i2 j2)(i1 j1)(p′−p, p1, p2, p3, k1, k2, k3−p)

(outgoing gluon) (3.50c)
+Ha2a1

(i2 j2)(i j1)(p′−p, p1+p, p2, p3, k1, k2, k3) g(T a)i i1

(incoming quark) (3.50d)
+Ha2a1

(i2 j2)(i1 j)(p′−p, p1, p2, p3, k1−p, k2, k3) g(T a) j j1

(outgoing antiquark) (3.50e)

+Ha2b
(i2 j2)(i1 j1)(p′−p, p1, p2, p3+p, k1, k2, k3) g(T a)ba1

(incoming gluon) (3.50f)
+Ha2a1

(i2 j2)(i1 j1)(p′, p1, p2, p3, k1, k2, k3) gT a(φ) .

(parton φ(p′)) (3.50g)

The function H on the r.h.s. of this expression is again the basic hard function in Fig-
ure 3.12. This identity is pictorially represented in Figure 3.14, where the blobs represent
truncated Green’s functions. The vertices are the special vertices of ref. [133], i.e. just
the color structure gT a of the corresponding three-parton vertices. The T (φ) in the last
line is a color matrix in the fundamental representation if the parton φ corresponds to
a quark/antiquark or in the adjoint representation in case that φ represents a gluon. In
the hadronic process the hard function appears contracted with the momentum Pµ of
the hadron rather than with that of the gluon pµ= xPµ (cf. the discussion below equa-
tion (3.46)). That contraction can be obtained from (3.50) by dividing out the momentum
fraction x. In doing so one is creating a new pole at x=0 that needs to be treated with
a certain pole prescription. However, it is irrelevant which prescription is taken. This
can be argued by making the following observation. Dividing (3.50) by x it is seen that
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∑

internal
insertions
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Figure 3.14: Ward-Takahashi identity for truncated Green’s functions in QCD (see e.g. [133]).

the term in (3.50a) cancels against the term in the second line of expression (3.49), since
the pole prescription in the eikonal factor multiplying that term can be chosen freely to
match the prescription taken in (3.50a) (cf. the discussion below that expression). There
is a similar cancellation between all terms corresponding to the same external partons
in (3.47) and (3.50), except for parton φ that does not appear in the former expression.
The total result for all internal and external leg insertions (except to φ) of the collinear
gluon pµ= xPµ with polarization along P obtained by adding the expressions in (3.47)
and (3.50), then, becomes

∑

insertions

Pµ H(µa)a2a1
(i2 j2)(i1 j1)(p; p′−p, p1, p2, p3, k1, k2, k3)

=
g(T a) j2 j

x − iε
Ha2a1

(i2 j)(i1 j1)(p′, pi, ki) (outgoing quark) (3.51a)

+
g(T a)i2i

x + iε
Ha2a1

(i j2)(i1 j1)(p′, pi, ki) (incoming antiquark) (3.51b)

+
g(T a)a2b

x − iε
Hba1

(i2 j2)(i1 j1)(p′, pi, ki) (outgoing gluon) (3.51c)

− Ha2a1
(i2 j2)(i j1)(p′, pi, ki)

g(T a)i i1

x + iε
(incoming quark) (3.51d)

− Ha2a1
(i2 j2)(i1 j)(p′, pi, ki)

g(T a) j j1

x − iε
(outgoing antiquark) (3.51e)

− Ha2b
(i2 j2)(i1 j1)(p′, pi, ki)

g(T a)ba1

x + iε
(incoming gluon) (3.51f)

−g
[1

x

] {
(T a) j2 j Ha2a1

(i2 j)(i1 j1)(p′, pi, ki) + (T a)i2i Ha2a1
(i j2)(i1 j1)(p′, pi, ki)

+(T a)a2b Hba1
(i2 j2)(i1 j1)(p′, pi, ki) − Ha2a1

(i2 j2)(i j1)(p′, pi, ki)(T a)i i1

−Ha2a1
(i2 j2)(i1 j)(p′, pi, ki) (T a) j j1 − Ha2b

(i2 j2)(i1 j1)(p′, pi, ki) (T a)ba1

−Ha2a1
(i2 j2)(i1 j1)(p′, pi, ki) T a(φ)

}
.
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For the outgoing quark the term in the first line of expression (3.49) appears in (3.51a),
while the term in the third line of (3.49) corresponds to the first term between braces { · }
in (3.51) (and similarly for the other partons). After having taken all appropriate can-
cellations into account, the expression between braces is all that remains of the internal
insertions. The factor [x−1] multiplying it is the pole at x=0 with arbitrary prescription
that was obtained by dividing out the momentum fraction in the Ward-Takahashi identity
in expression (3.50). In fact, one can use this Ward-Takahashi identity again, now for
a zero momentum gluon pµ=0µ, to show that the expression between braces vanishes.
The final result, then, shows that the effect of the internal interactions is to cancel the
flow of the momentum p of the collinear gluon through the basic hard function (compare
the expressions (3.47) and (3.51)) or, stated differently, to eliminate all poles in x that do
not correspond to soft gluons. The resummation of all single-gluon insertions amounts
to multiplying the external legs of the basic Green’s function in Figure 3.12 by the ap-
propriate eikonal factors that depend only on the momentum fraction x of the inserted
gluon. The integration over this momentum fraction can subsequently be performed in-
dependently from the internal structure of the Green’s function that no longer depends on
x. Using (3.51) and explicitly writing the integration over η and the collinear gluon field
in the correlator Φn·A in (3.46), the integration over the momentum of the collinear gluon
is seen to lead to the expression

1
P·n

∫
d4p

∫
d4η

(2π)4 eip·(η−ξ)
∑

insertions

(
n·Aa)(η) Pµ H(µa)a2a1

(i2 j2)(i1 j1)(p; p′−p, pi, ki)

=
{ (

Un
[+∞;ξ]

)
j2 j

(
Un

[−∞;ξ]
)
i2i
(
Un

[+∞;ξ]
)
a2b

(
Un

[ξ;−∞]
)
i′i1

(
Un

[ξ;+∞]
)

j′j1
(
Un

[ξ;−∞]
)
b′a1

}g

× Hbb′
(ij)(i′j′)(p′, pi, ki) , (3.52)

where { · · · }g refers to the order g term of the combination of Wilson lines.
Expression (3.52) is the result of resumming all collinear single-gluon insertions. The

resummation of collinear two-gluon interactions will give the order g2 analogue upon
Fourier transformation, etc. Thus, the resummation of all collinear interactions amounts
to attaching Wilson lines to every external leg other than those connecting the hard func-
tion and the correlator under consideration (i.e. φ in the example in this section):

(
Un

[+∞;ξ]
)

j2 j
(
Un

[−∞;ξ]
)
i2i

(
Un

[+∞;ξ]
)
a2b

× Hbb′
(ij)(i′j′)(p′, pi, ki)

× (
Un

[ξ;−∞]
)
i′i1

(
Un

[ξ;+∞]
)

j′j1
(
Un

[ξ;−∞]
)
b′a1

. (3.53)

The dimension of the representations and the direction of the Wilson lines depend on
the nature of the external legs. Note that this refers only to the color structure of the
Wilson lines, since the field operators A(η) appear in the matrix element corresponding to
hadron P.

The expression in (3.53) establishes the results summarized in the upper panel of
Table 3.1 corresponding to the hard scattering amplitude on the l.h.s. of the cut in the
diagram for the cross section. The analogous results for the r.h.s. of the cut, which cor-
responds to the hermitian conjugate of an amplitude, can be obtained from (3.53) in the
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obvious way. That is, by hermitian conjugation. Since on the r.h.s. of the cut one has ξ=0
in the exponent in equation (3.52) and since hermitian conjugation reverses the direction
of the Wilson lines one obtains the results summarized in the lower panel of Table 3.1.
The emergence of transverse pieces requires extension to higher twist and will proceed
along the same lines as discussed in refs. [116,119].

We would like to emphasize that the results obtained so far do not depend on the in-
ternal structure of the Green’s functions. Only the nature of the external partons of the
Green’s functions matter. However, we are not done yet, since the color structure of the
Wilson lines still appears attached to the external legs of the hard function. We would like
to have the full structure, operator and color structure, of the Wilson lines to be contained
in the correlator Φ(p′) of the parton φ(p′). If the hard function corresponds to a purely
electromagnetic scattering process the color structure of the Wilson lines can indeed di-
rectly be absorbed in the correlator. However, in the case that the hard functions contain
strong interactions the Wilson lines should be pulled through the hard parts H(p′,pi,ki),
moving all their color structures to the external leg corresponding to the parton φ(p′).
This can be done by using color-flow identities such as the one in (3.31). It is at this
point that the internal color structure of the Green’s function becomes important and that
the subprocess-dependence comes in. Once all the Wilson lines have been moved to the
external leg corresponding to parton φ(p′), they combine into the full gauge link. This
gauge link can then be absorbed into the correlator Φ(p′), thereby defining a new and
gauge-invariant correlator. This procedure must be followed for each correlator in the
scattering process (for difficulties associated with intertwined insertions from different
correlators we refer to ref. [116]). Absorbing all the Wilson lines in the proper correla-
tors, one has obtained the gauge invariant expression for the process represented by the
particular diagram H(p′,pi,ki).

3.5 Summary

It was shown how the future and past pointing Wilson lines arise in the basic hadronic pro-
cesses SIDIS, Drell-Yan scattering and e+e−-annihilation. In the diagrammatic approach
all the gluonic final-state interactions between the target remnants and the scattered quark
in SIDIS can be resummed into a future pointing Wilson line in the transverse momentum
dependent (TMD) distribution function of the incoming quark. Similarly, the initial-state
interactions in Drell-Yan scattering lead to a past pointing Wilson line. This formalism
was extended to include processes that involve hard functions with more colored external
partons and where both initial and final-state gluonic interactions contribute. A diagram-
matic approach was taken which assumes that the hadronic process factorizes in a TMD
parton correlator for each of the observed hadrons separately. Through parton lines these
soft correlators are connected to a hard partonic function. Within this formalism it was
shown that for a particular hadron all the initial and final-state interactions emerging from
its hadronic remnants can be resummed, giving rise to Wilson lines on all the external par-
tonic legs of the hard function, except to those that connect the hard function and the soft
correlator of the hadron under consideration. The Wilson lines attached to the outgoing
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and incoming partons are future and past pointing, respectively, where their representa-
tions depend on the particular type of parton that they couple to. This observation relies on
the Ward-Takahashi identity to factorize the momentum flow of the gluonic interactions
from the basic partonic hard function. This procedure is independent of the particular
internal structure of the hard function. It was shown that one can obtain an expression
where the operator as well as the color structure of the Wilson lines are contained within
the parton distribution (or fragmentation) function by pulling the color structures of the
Wilson lines through the hard function. This introduces a subprocess dependence in the
gauge link structure of TMD parton correlators.



CHAPTER4
The Role of Gauge Invariance
in Physical Processes

The invention of Quantum Chromodynamics and its subsequent emergence as the best
theory for the strong nuclear force provided the basis for a field theoretical description
of high energy phenomenology. Obviously, this description should be endowed with the
invariance under color gauge transformations, the defining property of QCD. As alluded
to in previous chapters, the properties of confinement and asymptotic freedom of QCD
will require a description that involves perturbative as well as non-perturbative field the-
ory. Correspondingly, in high energy phenomenology one relies on factorization formu-
las involving both hard and soft functions. The hard functions refer to those parts of
the description that contain the lightcone physics and that can be calculated using pertur-
bative field theory in a well-determined way. The soft functions on the other hand are
non-perturbative objects relating to the partonic degrees of freedom of the hadrons. It is
assumed that the soft functions describing the distribution and fragmentation of partons,
as they are measured in one scattering process, can be related in a precise way to those
appearing in other processes. In this description of high energy phenomenology explicit
color gauge invariance is realized in physical processes by the inclusion of all possible
interactions of collinear gluons (and transversally polarized gluons at lightcone infinity)
between the soft and hard functions. These interactions can be resummed by including
gauge links between the non-local products of field operators that appear in the definitions
of the soft functions (the distribution/fragmentation functions or the parton correlators).
This ensures the gauge invariance of the soft functions and, at the same time, it establishes
the dependence of the gauge link structure on the hard partonic scattering process. This
dependence implies that the gauge link structure associated to a particular hard function is
not a freedom of choice. For transverse momentum dependent distribution and fragmen-
tation functions (or correlators) it means that increasingly more complicated gauge link
structures can emerge as the hard scattering functions become more involved, leading to
what has been referred to in the literature as a ‘jungle of Wilson lines’ [134]. The appar-
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ent existence of a jungle of Wilson lines in transverse momentum dependent correlators
raises important questions on matters such as the universality of distribution and fragmen-
tation functions or the evolution of these functions when going to different energy scales.
These are some of the issues that still today need to be resolved and the study of the con-
sequences of the jungle of Wilson lines for transverse momentum dependent correlators
is indeed today still an active field of research.

The process dependence of the gauge link structure also has ramifications for collin-
ear distribution functions. Those are better understood than for the case of transverse
momentum dependent functions. Even though the jungle of Wilson lines disappears upon
integration over (or weighting with) intrinsic transverse momentum, there is still a subpro-
cess dependence manifesting itself as simple and perturbatively calculable color factors
multiplying the collinear correlators. For leading twist collinear T -even distribution and
fragmentation functions these factors are simply unity. However, for T -odd functions
they in general differ from unity. The color factors are completely fixed by the gauge
link in the corresponding transverse momentum dependent correlators and hence by the
hard partonic scattering functions. Therefore, they are naturally associated to the hard
functions in which they can, then, be absorbed. As a consequence, processes that involve
T -odd functions will appear convoluted with hard functions that contain the additional
color factors. This effectively changes the sum of cut Feynman diagrams that one in
general has for leading twist spin averaged processes into a weighted sum of Feynman di-
agrams. These weighted sums, which we will from now on refer to as gluonic pole cross
sections are properly gauge invariant and can also be calculated in a well-determined
way in perturbation theory. The T -odd collinear distribution functions typically appear in
weighted single-spin asymmetries, which are time-reversal odd observables. Correspond-
ingly, these processes will involve gluonic pole cross sections as hard functions rather
than the familiar partonic cross sections.

This chapter is devoted to establishing the consequences of gauge invariance for phys-
ical processes as described above. In section 4.1.1 we will start with the consequences
of the jungle of Wilson lines for the collinear correlators. We will also shortly consider
transverse momentum dependent correlators in section 4.1.2. We will continue by imple-
menting these consequences in some physical processes, notably for weighted single-spin
asymmetries in hadronic back-to-back pion or jet production (p↑p→ππX, p↑p→ jjX, sec-
tion 4.3) and jet and prompt photon production (p↑p→γ jX, section 4.4). As an alternative
to comparing the sign of the Sivers effect in SIDIS to that in Drell-Yan scattering, which
is notorious for its low statistics, these examples can serve as other observables to experi-
mentally establish the field-theoretical description of single-spin asymmetries. This might
be achieved by using experimental results to discriminate between predictions obtained
with the gluonic pole cross sections and predictions obtained using the partonic scattering
cross sections as hard functions. To (hopefully) facilitate such a comparison we will also
present some phenomenological studies for the examples.
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4.1 Gauge Invariant Parton Correlators

4.1.1 Collinear Correlators

The most dramatic consequence of the Wilson lines is to falsify the original expectation
that the Sivers effect should vanish [110]. This argumentation was based on the time-
reversal symmetry of QCD, ignoring the presence of the Wilson lines. Its derivation was
reconsidered after the observation of sizeable single-spin asymmetries arising from initial
and final-state interactions with soft gluons in a model calculation [113]. It was realized
that time-reversal does not require the Sivers effect to vanish if the Wilson lines and their
process dependence are properly taken into account [114]. In that case time-reversal
leads to the prediction that the Sivers effect enters with opposite sign in the single-spin
asymmetries of SIDIS and Drell-Yan scattering, since the Wilson lines in these processes
are related by time-reversal. This remarkable ‘universality’ property is an elementary
conclusion of QCD. Hence, the (process dependence of) Wilson lines in TMD correlators
are essential in the generation of the Sivers effect and through the Sivers effect they can
themselves be regarded as sources for single-spin asymmetries. Today many observed
spin asymmetries are thought of as at least partly originating from the Sivers effect (see
e.g. [95,135–137] and references therein).

When integrating over the transverse momenta of the partons, as in the integrated
quark correlator in expression (2.59), the exponent in the TMD correlator will lead to a
delta function δ2(ξT ) in the transverse separation of the field operators which restricts this
separation to the lightcone. The gauge link reduces to a straight Wilson line along the
lightcone, removing all process dependence that was contained in this structure. How-
ever, for correlators that are obtained from the transverse momentum dependent ones by
weighting with the transverse momentum (the transverse moments, equation (2.60)) the
process dependence comprised in the gauge link structure is preserved. In this way Boer,
Mulders and Pijlman were able in 2003 to, for the first time, make the connection (2.57)
between the Sivers effect and the Qiu-Sterman mechanism [119]. In the Qiu-Sterman
mechanism it are twist-three collinear quark-gluon matrix elements with a soft gluon
(gluonic pole matrix elements) that generate single-spin asymmetries in collinear fac-
torization [97–101]. The identification of the first moment of the Sivers function and the
Qiu-Sterman mechanism critically relies on the presence of the Wilson lines. We will re-
peat the derivation as given in ref. [119] for the SIDIS and Drell-Yan processes, so that we
can repeat the same procedure to other processes as well. In that way the consequences
of the jungle of Wilson lines for collinear correlators (the integrated correlator and the
transverse moment) are straightforwardly obtained.

In essence, the gluonic pole matrix element arises from the derivative of the Wilson
line. Since the Wilson line is a path-ordered exponential it is a directional object. As a
result its derivative can differ depending on whether it is taken parallel or perpendicular
to the direction of the Wilson line. For simplicity we consider a straight line segment
Un

[ζ;ξ] running from the space-time point ζ to ξ in the direction of the vector n. Then, the
derivative along the direction of the Wilson line is given by

(
n·iD(ζ)

)
Un

[ζ;ξ] = Un
[ζ;ξ] (n·i∂ζ) , Un

[ζ;ξ]
(
n·iD(ξ)

)
= (n·i∂ξ) Un

[ζ;ξ] , (4.1a)
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and the perpendicular derivative by (using the shorthand notation FneT ≡Fµν nµeνT )

(
eT ·iD(ζ)

)
Un

[ζ;ξ] = Un
[ζ;ξ]

(
eT ·iD(ξ)

) −
∫ ξ·P

ζ·P

d(η·P)
n·P Un

[ζ;η] gFneT (η) Un
[η;ξ] , (4.1b)

where eT is a direction perpendicular to n. The parallel derivative (4.1a) can easily be ob-
tained using the expression (2.37) for the gauge link, while the perpendicular derivative
can for instance be verified by inserting the expression for the field-strength tensor, equa-
tion (2.5), in the second term on the r.h.s. of (4.1b) and by then applying the expression
for the parallel derivative (4.1a). In the transverse moment (2.60) the derivative arises
by writing the component of the intrinsic transverse momentum pαT as a derivative −i∂αξ
acting on the exponent in the transverse momentum dependent correlator (2.39). After a
partial integration this becomes a derivative acting on the field operator combination in
the hadronic matrix element. By applying the identities in (4.1) to the various straight line
segments that form the full gauge link the second term on the r.h.s. of expression (4.1b)
will lead to the gluonic pole matrix element. Based on the terms that appear in that ex-
pression we define the universal collinear matrix elements

Φα
D(x) =

∫
d(ξ·P)

2π
eix(ξ·P) 〈P,S |ψ(0) Un

[0;ξ] iDα(ξ)ψ(ξ) |P,S 〉⌋LC , (4.2a)

Φα
G(x,x−x′) =

1
P·n

∫
d(ξ·P)

2π
d(η·P)

2π
ei(x−x′)(ξ·P)eix′(η·P)

× 〈P,S |ψ(0) Un
[0;η] gFnα(η) Un

[η;ξ] ψ(ξ) |P,S 〉⌋LC . (4.2b)

Using the procedure of partial integration described above it is found that the transverse
moments of the correlators Φ[+] with the future and Φ[−] with the past pointing Wilson
lines in Figure 2.9 can be written in terms of these matrix elements [119]:

Φ
[±]α
∂

(x) = Φα
D(x) −

∫
dx′

i
x′∓iε

Φα
G(x,x−x′) = Φ̃α

∂ (x) ± πΦα
G(x,x) , (4.3)

where the collinear correlator Φ̃∂ is a combination of those in expression (4.2):

Φ̃α
∂ (x) = Φα

D(x) −
∫

dx′ P
i
x′

Φα
G(x,x−x′) . (4.4)

The correlator πΦG(x,x) that appears on the r.h.s. of expression (4.3) is a matrix element
of two quark fields and the field operator of a zero-momentum gluon, which arises from
the perpendicular derivative of the Wilson line. This is the gluonic pole matrix element,
see Figure 4.1. It is odd under time-reversal. On the other hand, the matrix element Φ̃∂ is
T -even. This is exactly the reason for writing the transverse moment as in equation (4.3).
That is, in the expression a decomposition is made in terms of matrix elements with
definite properties under time-reversal. Correspondingly, these matrix elements contain
quark distribution functions with definite time-reversal behavior in their parametrizations,
cf. (2.62). For instance, from the parametrization in (2.62b) it is seen that the first moment
f⊥(1)
1T (x) of the Sivers function is proportional to the /n=γ+ projection of the gluonic pole
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matrix element. On the other hand, using the explicit definition of this projection as
obtained from expression (4.2b) the connection (2.57) between the first moment of the
Sivers function and the Qiu-Sterman matrix element is made [119]. At the same time it
follows from the decomposition in (4.3) that the first moment of the Sivers function will
appear with opposite signs in SIDIS and Drell-Yan scattering. This is the analogue for
the first moment of the Sivers function of the sign difference between the full transverse
momentum dependent functions in those processes [114], equation (2.55).

The future and past pointing Wilson lines are the simplest examples from a wide
spectrum of possible gauge links. As we have seen in the previous chapter one will en-
counter more complicated gauge link structures when going beyond the basic electromag-
netic processes. The transverse moments of the TMD correlators containing these more
complicated Wilson lines can be analyzed in exactly the same way as those in SIDIS
and Drell-Yan scattering. As an example we will consider the Wilson line (U[�])mU[+],
which connects the space-time points 0 and ξ via lightcone infinity after making m loops
‘around’ lightcone plus and minus infinity passing through 0 and ξ in the counterclock-
wise direction (cf. Figure 4.2). Similar to the cases considered in the previous paragraph,
in the transverse moment of a correlator that contains this Wilson line the intrinsic trans-
verse momentum pαT of the quark can be converted into a partial derivative acting on the
non-local quark field and Wilson line combination. The derivative can again be evaluated
using the identities in (4.1) for the straight line segments that compose the full gauge link.
In this manner the transverse moment is calculated in the same way as in SIDIS and Drell-
Yan scattering, the only difference being that in this case there are more line segments that
will contribute a gluonic pole matrix element. It follows that

∫
d2pT pαT

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ 〈P,S |ψ(0)
(U[�])mU[+] ψ(ξ) |P,S 〉⌋LF

= Φ̃α
∂ (x) + {1+2m } πΦα

G(x,x) .
(4.5)

Any number of traced Wilson loops 1
N Tr

(U[�]) could have been included. The gluonic
poles contributed by this structure vanish, since they are traceless objects (that is, the
second term on the r.h.s. of (4.1b) is traceless, as is most easily seen in the axial gauge
Aa·n≡ 0). Similarly, it is found that the transverse moment of a correlator with the gauge
link (U[�]†)mU[−], which connects the space-time points 0 and ξ via lightcone minus
infinity after making m loops ‘around’ lightcone plus and minus infinity passing through
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Figure 4.2: The Wilson line U[�]U[+] connecting the space-time points 0 and ξ
via lightcone plus infinity after making a loop ‘around’ lightcone plus and minus
infinity while passing through 0 and ξ in the counterclockwise direction.

0 and ξ in the clockwise direction, will have the same decomposition as the one in (4.5),
except with a minus sign in front of the term with the gluonic pole matrix element. Hence,
one might think of it as that the transverse moment picks up plus or minus a gluonic pole
matrix element πΦG(x,x) for every time that the Wilson line in the TMD correlator ‘passes
through’ lightcone infinity in the counterclockwise or clockwise direction, respectively,
not counting traced Wilson loops. From such a point of view the decomposition of the
transverse moment of a correlator is tantamount to a simple counting exercise (for the
quark fragmentation and antiquark distribution correlators the counting procedure works
the other way around, i.e., the transverse moment picks up plus or minus a gluonic pole
matrix element for every time that the Wilson line passes through lightcone infinity in the
clockwise or counterclockwise direction, respectively, not counting traced Wilson loops).
In case that the full gauge link is composed of several additive substructures, the counting
procedure can be applied to each of the individual terms separately.

As an example we consider the transverse moment of the quark correlator for the
qq̄→γg contribution to prompt photon production, expression (3.33). The gauge link in
this process comprises two substructures. Using expression (4.5) the first term can be
written as N2

N2−1
[
Φ̃∂(x)+πΦG(x,x)

]
and the second as − 1

N2−1
[
Φ̃∂(x)−πΦG(x,x)

]
. Hence,

the transverse moment of the quark correlator in equation (3.33) is

Φ
[qq̄→γg] α
∂

(x) =

{ N2

N2−1
− 1

N2−1

}
Φ̃α
∂ (x) +

{ N2

N2−1
+

1
N2−1

}
πΦα

G(x,x)

= Φ̃α
∂ (x) +

N2+1
N2−1

πΦα
G(x,x) . (4.6)

The transverse moments of all (anti)quark distribution and fragmentation correlators can
straightforwardly be evaluated in this manner. Hence, the transverse moment of a TMD
correlator with a general gauge linkU can be decomposed in terms of the matrix elements
in (4.2):

Φ
[U]α
∂

(x) = Φ̃α
∂ (x) + C[U]

G πΦα
G(x,x) . (4.7)

The T -even matrix element Φ̃∂(x) appears in the same way, regardless of the gauge link,
while the T -odd gluonic pole matrix element appears multiplied by the color factors CG

that can be calculated using the procedure described above. As they multiply the gluonic
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pole matrix element, we will call them gluonic pole strengths. They are completely fixed
by the Wilson lines in the transverse momentum dependent correlators. Since those are
in turn completely determined by the color structure of the hard partonic diagram, this is
also the case for the gluonic pole factors. Correspondingly, they are naturally associated
to the cut Feynman diagram describing the hard partonic scattering. To emphasize this
we will occasionally write C[D]

G ≡C[U(D)]
G , where D refers to the Feynman diagram. From

expression (4.7) it is seen that also for the transverse moment of the quark correlator the
jungle of Wilson lines disappears, the only gauge link and (sub)process dependence now
residing in the gluonic pole strengths. The T -odd collinear quark distribution functions
are contained in the parametrization of the gluonic pole matrix element πΦG(x,x) and,
therefore, in azimuthal asymmetries they will appear multiplied by the factors C [U(D)]

G .
All gluonic pole factors associated with the Feynman diagrams that contribute at leading
order to the hard function of back-to-back pion, jet or photon-jet production in proton-
proton scattering are listed in appendix B.

The analogous treatment of quark fragmentation correlators is more subtle than the
case of quark distribution described above. Using the expression for the derivative of the
Wilson lines a similar decomposition as the one in (4.7) can be made for the transverse
moment of the quark fragmentation correlator:

∆
[U]α
∂

( 1
z
)

= ∆̃α
∂

( 1
z
)

+ C[U]
G π∆α

G
( 1

z ,
1
z
)
. (4.8)

The matrix elements on the r.h.s. of this expression are similar to those in (4.2). They and
the matrix elements relevant for antiquarks can for instance be found in the appendix of
ref. [22]. The crucial difference between the decomposition of the transverse moment of
the distribution correlator and the one of the fragmentation correlator is that the matrix
elements in the decomposition of the latter explicitly contain out-states |h;X〉 in their def-
inition (cf. (2.32)). As a result the matrix elements on the r.h.s. of expression (4.8) do not
have definite behavior under time-reversal and they contain both T -even and T -odd quark
fragmentation functions in their parametrizations:

∆̃α
∂

( 1
z ;K,S

)
=

Mh

z

{
iH⊥(1)

1 (z) 1
2
[

/K,γα
]
+ SL H⊥(1)

1L (z)γ5
1
2
[

/K,γα
]

+S α
T G(1)

1T (z)γ5 /K − εαST
T D⊥(1)

1T (z) /K
}
, (4.9a)

π∆α
G
( 1

z ,
1
z ;K,S

)
=

Mh

z

{
iH̃⊥(1)

1 (z) 1
2
[

/K,γα
]
+ SL H̃⊥(1)

1L (z)γ5
1
2
[

/K,γα
]

+S α
T G̃(1)

1T (z)γ5 /K − εαST
T D̃⊥(1)

1T (z) /K
}
. (4.9b)

The functions H⊥(1)
1 , H̃⊥(1)

1 , D⊥(1)
1T and D̃⊥(1)

1T are called T -odd fragmentation functions,
while the others are called T -even. From the decomposition (4.8) it is seen that the frag-
mentation functions stemming from the transverse moment of the fragmentation correla-
tor will appear as combinations of the functions in (4.9a) and (4.9b). For instance, the
first moment of the Collins function will appear in the combination H⊥(1)

1 +C[U]
G H̃⊥(1)

1 .
The second term is a gluonic pole matrix element and it arises from the (perpendicu-
lar derivative of) the Wilson lines. The first term would be absent if it were not for the
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final-state interactions between the observed outgoing hadron and its accompanying jet.
These final-state interactions are embodied by the out-states |h;X〉 in the operator defini-
tion of the fragmentation functions. Hence, there are two competing mechanisms that are
sources for the Collins effect: the Wilson lines embodied by the soft gluon interactions
between the jet and the active partons (leading to the function H̃⊥(1)

1 ) and the final-state
interactions between the outgoing observed hadron and its accompanying jet (leading to
H⊥(1)

1 ). The latter effect has no analogue on the distribution side, where the gauge link is
the only source for T -odd effects. The ‘tilde’ fragmentation functions, which are gluonic
pole matrix elements, appear multiplied by the gluonic pole strengths, while the others
appear in the same way regardless of the Wilson line or the hard subprocess. Recent work
seems to indicate that the fragmentation functions originating from the Wilson lines, i.e.
the gluonic pole matrix elements, vanish [134, 138, 139]. If that is the case, the quark
fragmentation effects can be described by the universal fragmentation functions appear-
ing in (4.9a) alone. In this manuscript we will also take the contributions of the gluonic
pole matrix elements into account and consider the situation of a universal Collins effect
as the limiting case of vanishing ‘tilde’ fragmentation functions.

We will round this section off with the consequences of gauge invariance for collinear
gluon distribution functions. An integration of the gluon correlator over the intrinsic trans-
verse momentum removes all possible process dependence due to the Wilson lines. As for
the (anti)quark correlators there remains, however, a (sub)process dependence in the trans-
verse moment of the gluon correlator, manifesting itself as a subprocess dependent sum
of universal collinear matrix elements. This can be shown as follows. As we have seen in
section 3.3.2 the gluon correlator will in general have the form Tr〈F(0)U[C]

[0;ξ] F(ξ)U[C′]
[ξ;0] 〉

which, in contrast to the quark correlator, involves two Wilson lines in the fundamental
color representation. After partial integration the intrinsic transverse momentum in the
transverse moment becomes a transverse derivative acting on this operator combination.
Through the second term in expression (4.1b) this will again give rise to an extra gluon
field F(η). In particular, if the derivative acts on the first Wilson line one obtains the
matrix element (schematically) 〈F(0) F(η) F(ξ) 〉, while if it acts on the second Wilson
line one obtains 〈F(0) F(ξ) F(η) 〉. In this text we will only work with their sum Γ

(d)
G and

difference Γ
( f )
G

Γ
(d)
G

µν;α(x,x−x′) =
1

x2(P·n)3

∫
d(ξ·P)

2π
d(η·P)

2π
ei(x−x′)(ξ·P)eix′(η·P)

× Tr 〈P,S | Fnµ(0)
{
Un

[0,η]gFnα(η)Un
[η,0] ,U

n
[0,ξ]F

nν(ξ)Un
[ξ,0]

} |P,S 〉 ⌋LC , (4.10a)

Γ
( f )
G

µν;α(x,x−x′) =
1

x2(P·n)3

∫
d(ξ·P)

2π
d(η·P)

2π
ei(x−x′)(ξ·P)eix′(η·P)

× Tr 〈P,S | Fnµ(0)
[
Un

[0,η]gFnα(η)Un
[η,0] ,U

n
[0,ξ]F

nν(ξ)Un
[ξ,0]

] |P,S 〉 ⌋LC , (4.10b)

since these correspond to the two ways to construct color-singlet three-gluon matrix el-
ements, that is Γ

(d)
G ∝〈dabc FaFbFc 〉 and Γ

( f )
G ∝〈 i f abc FaFbFc 〉 [140]. Here dabc and f abc

are the symmetric and antisymmetric structure constants of SU(3), respectively. Hence,
in the case of gluons there are two different gluonic pole matrix elements, cf. Figure 4.1.
Issues relating to their properties under renormalization and evolution have been consid-
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ered, e.g., in refs. [141–143]. Both of them appear in the decomposition of the transverse
moment of the gluon correlator [22] (suppressing the Lorentz indices µ and ν):

Γ
[U,U′]α
∂

(x) = Γ̃α
∂ (x) + C( f )

G πΓ
( f )
G

α(x,x) + C(d)
G πΓ

(d)
G

α(x,x) . (4.11)

(Alternatively, one could make a decomposition in terms of the gluonic pole matrix ele-
ments 〈F(0) F(η) F(ξ) 〉 and 〈F(0) F(ξ) F(η) 〉 referred to earlier, where the prefactor C [U]

G
of the former can be determined by using the counting procedure for the Wilson line
U[C]

[0;ξ], and so can the prefactor C[U′]
G of the latter using the Wilson line U[C′]

[ξ;0]. The glu-
onic pole strengths that appear in (4.11) are obtained from these as their half sums and
half differences: C(d)

G = 1
2 {C[U]

G +C[U′]
G } and C( f )

G = 1
2 {C[U]

G −C[U′]
G }). The explicit definition

of the matrix element Γ̃∂ and those that play a role in gluon fragmentation are given in
ref. [22]. The parametrizations that we use for the matrix elements in expression (4.11)
are based on the parametrization of the gluon correlator in ref. [74]:1

2x Γ̃ ij;α(x) = −M iε ij
T S α

T ∆G(1)
T (x) , (4.12a)

2x πΓ
( f /d)
G

ij;α(x,x) = M gij
T ε

STα
T G( f /d)

T
(1)(x)

− 1
2 M

(
εα{iT S j}

T +εST {i
T g j}α

T
)
∆H( f /d)

T
(1)(x) . (4.12b)

The indices i, j and α are transverse w.r.t. the hadron direction P and the light-like n-vector
in the Sudakov decomposition (2.21) of the gluon’s momentum. The functions G(1)

T and
∆G(1)

T represent unpolarized and polarized gluons in a transversally polarized target. The
functions ∆H(1)

T involve a flip of gluon helicity. The functions G( f )
T

(1) and ∆H( f )
T

(1) are
even in the momentum fraction x, while the functions G(d)

T
(1) and ∆H(d)

T
(1) are x-odd. As

is seen from the decomposition in (4.11) the gluonic T -odd effects will involve specific
combinations of the d and f type functions in azimuthal asymmetries. For example, if
for a certain Feynman diagram D in a weighted azimuthal asymmetry an incoming gluon
contributes the Sivers effect, then it will be of the form C[D] ( f )

G G( f )
T

(1)+C[D] (d)
G G(d)

T
(1). Since

the gluonic pole strengths C( f )
G and C(d)

G in general differ from one another, the f and the
d type gluon-Sivers functions will appear convoluted with different hard functions in az-
imuthal asymmetries (cf. expression (4.30)). For instance, as we will see in the following
sections only the d type function G(d)

T
(1) appears in the qg→qγ contribution to hadronic

prompt photon production, while only the f type function G( f )
T

(1) appears in the qq̄→gγ
contribution to this process or in the purely gluonic contributions to hadronic back-to-
back pion or jet production. However, the circumstance that the f and d type functions

1The gluonic pole matrix elements are related to the ones given in ref. [140]:

2x2 iΓ( f )µν;α
G (x,x−x′) = N µαν(x−x′,x) , 2x2 iΓ(d)µν;α

G (x,x−x′) = Oµαν(x−x′,x) .

Correspondingly, the distribution functions in (4.12b) can be expressed in terms of those in that reference (using
the tensor relation εST {i

T g j}α
T −εα{iT S j}

T =2εSTα
T gij

T ):

xM G( f )
T

(1)(x) = −2π
{
N1(x,x) − N1(x,0) + Ñ1(x,0)

}
, xM ∆H( f )

T
(1)(x) = −2π

{
N1(x,0) + Ñ1(x,0)

}
,

xM G(d)
T

(1)(x) = −2π
{
O1(x,x) + O1(x,0) − Õ1(x,0) } , xM ∆H(d)

T
(1)(x) = 2π

{
O1(x,0) + Õ1(x,0)

}
.
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usually appear side by side complicates their separate extraction from experiment, which
will require comparison of spin asymmetries in different processes [140].

In the special case that the transverse momentum dependent gluon correlator can be
written as the bilocal product of two gluon fields and a single Wilson line in the adjoint
representation 〈F(0)U8 F(ξ) 〉, only the f type functions contribute to the weighted asym-
metry. One way of seeing this is the following. In the fundamental representation the spe-
cial case can be written as Tr 〈F(0)U3 F(ξ)U′3 〉 (cf. equation (3.30)), where the Wilson
line U′3 is the hermitian conjugate of the Wilson line U3. Since a hermitian conjugation
essentially reverses the direction of the Wilson line, it is seen from the counting proce-
dure described earlier in this section that the gluonic pole strengths corresponding to the
two Wilson lines are equal in magnitude but opposite in sign C [U]

G =−C[U′]
G . The gluonic

pole strength of the d type functions, which is given as their sum C (d)
G = 1

2 (C[U]
G +C[U′]

G ),
then, vanishes. However, in general this situation is not realized and one has a transverse
momentum dependent gluon correlator that involves two unrelated Wilson lines in the
fundamental representation.

In the right panel of Table B.3 only the gluon-gluon scattering Feynman diagrams
without 4-gluon vertices have been given. The fact that the color structure of the 4-gluon
vertex does not factor from the kinematical part complicates the treatment of the gluon
correlators somewhat. In essence the pT -weighted gluon correlator in those cases can be
decomposed as in expression (4.11), but for each term in the color-flow decomposition
of the diagram containing the 4-gluon vertex separately (cf. the discussion at the end
of the next section). The treatment of gluon fragmentation holds no new surprises and
follows along similar lines to what has been described in this section. We will distinguish
the gluon fragmentation functions by adding an extra hat over the corresponding gluon
distribution functions.

Recapitulating, we have seen that the resummation of all initial and final state interac-
tions of soft gluons that give rise to process dependent Wilson lines in the definitions of
transverse momentum dependent correlators, have consequences for collinear correlators
as well. In collinear correlators the non-locality of the parton field operators is restricted
to the lightcone and, correspondingly, it is possible to define universal matrix elements
containing only straight Wilson lines in the lightcone n-direction. Only in the transverse
moments there remains a process dependence due to the Wilson lines in the TMD corre-
lators. There it manifests itself as a sum of two (or three in the case of gluons) universal
correlators with (sub)process dependent color factors multiplying the gluonic pole ma-
trix elements. The most well-known consequence is that the first moment of the Sivers
function or in different words, the Qiu-Sterman matrix element, appears with opposite
sign in weighted azimuthal asymmetries in the SIDIS and Drell-Yan scattering processes.
In other processes the relative minus sign between the Qiu-Sterman matrix elements in
SIDIS and Drell-Yan scattering generalizes to subprocess dependent color fractions, the
gluonic pole strengths. In the physical processes that will be considered in sections 4.3
and 4.4 it will be seen that the result of the process dependence of the Wilson lines or the
gluonic pole strengths is that the hard scattering functions in weighted single-spin asym-
metries correspond to weighted sums of cut Feynman diagrams rather than the usual sum
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of Feynman diagrams representing the partonic scattering cross sections that one encoun-
ters in spin averaged hadronic cross sections. The weight factors in these weighted sums
of Feynman diagrams are the gluonic pole strengths discussed in this section. Before
going to these processes we will first shortly consider transverse momentum dependent
correlators.

4.1.2 Transverse Momentum Dependent Correlators

Also in transverse momentum dependent correlators the initial and final state interactions
of collinear gluons (and transversally polarized gluons at lightcone infinity) can be re-
summed into quark and/or gluon correlators containing Wilson lines. These make the
matrix elements in the correlators manifestly gauge invariant. At the same time they
introduce a (sub)process dependence in the definitions of the involved TMD parton corre-
lators, through the integration paths of the Wilson lines. The consequences of this process
dependence in the case of the full transverse momentum dependent correlators are not
as clear-cut as in the collinear case discussed in the previous section. In the transverse
momentum dependent treatment the inclusion of all initial and final state interactions re-
ally appears to lead to a ‘jungle of Wilson lines’. In particular, for processes where there
are several Feynman diagrams that contribute to a certain partonic subprocess the Wil-
son lines can differ for each of these diagrams. This might at first sight lead to problems
concerning the gauge invariance of the hard functions. This topic will be addressed in
the next section. Also the issue of the universality of transverse momentum dependent
distribution/fragmentation functions becomes particularly problematic in this case. Tak-
ing the Sivers function as an example, the opposite sign of the first transverse moment of
this function in SIDIS and Drell-Yan scattering referred to in the previous section actually
extends to the full transverse momentum dependent functions. In fact, it was originally
demonstrated for the transverse momentum dependent functions [134]. The operator def-
initions of the Sivers functions contain gauge link structures that can differ for each scat-
tering process. The sign relation between the transverse momentum dependent Sivers
functions in SIDIS and Drell-Yan scattering follows from the fact that in their definitions
they contain simple future and past pointing Wilson lines that are related by time-reversal.
Going beyond SIDIS and Drell-Yan scattering one encounters correlation functions that
contain more complicated Wilson line structures. These structures are in general not obvi-
ously related by a simple time-reversal. This does not necessarily prove the non-existence
of universality of the Sivers function, since the Wilson lines always appear sandwiched
between parton field-operators in hadronic matrix elements. It could be that the different
Wilson line structures have the same effect within such matrix elements. However, it does
obscure if the transverse momentum dependent Sivers functions in other processes than
SIDIS or Drell-Yan are related to one another in the same way as is the case for their first
transverse moments, i.e. with the gluonic pole strengths as proportionality factors. This is
an issue that will have to and hopefully will be elucidated by future research.

It turns out that all the transverse momentum dependent correlators encountered for
a certain partonic process can be summarized with a limited set of correlators with spe-
cial properties. Certainly from a bookkeeping point of view this observation makes the
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treatment of TMD correlators more well-organized. It also helps to clarify the apparent
problem with gauge invariance of hard functions that consist of several Feynman dia-
grams. However, it does not give the final resolution to the question of the universality
of transverse momentum dependent distribution or fragmentation functions, such as the
Sivers or the Boer-Mulders function. This issue remains unclarified at the time of writing.

To make our point we will consider the quark correlator in quark-gluon scattering. For
ease of discussion we will ignore the other parton correlators, though they can straight-
forwardly be incorporated. There are nine cut Feynman diagrams that contribute to the
partonic process at tree-level, cf. the left panel of Table B.3. Since the Wilson lines that
enter in the definitions of the transverse momentum dependent correlators are obtained by
resumming all gluonic interactions of the soft functions with the hard partonic functions,
these Wilson lines will depend on the particular (color structure of) the hard functions.
Therefore, there could in principle be nine different transverse momentum dependent
quark correlators involved in this process, one correlator Φ[D](x,pT ) for each cut Feynman
diagram D that contributes to qg→qg scattering. They can be and have been calculated
using the methodology discussed in section 3.4 and are listed in Table 4 of ref. [21]. As
can be seen from that Table they contain quite complicated Wilson line structures. It
turns out that all nine correlators can be summarized by just two transverse momentum
dependent quark correlators:

Φ(qg→qg)(x,pT ) =

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ〈P,S |ψ(0)
{ 1

2
N2+1
N2−1

Tr[U[�]]
N

Tr[U[�]†]
N

U[+]

+
1
2

Tr[U[�]]
N

U[−]− 1
N2−1

U[+]
}
ψ(ξ) |P,S 〉⌋LF , (4.13a)

πΦ
(qg→qg)
G (x,pT ) =

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ〈P,S |ψ(0)
{ 1

2
Tr[U[�]]

N
Tr[U[�]†]

N
U[+]

−1
2

Tr[U[�]]
N

U[−]
}
ψ(ξ) |P,S 〉⌋LF . (4.13b)

By comparing to the results in Table 4 of ref. [21] it is straightforwardly checked that the
nine correlators Φ[D](x,pT ) can be written in terms of the two given above:

Φ[D](x,pT ) = Φ(qg→qg)(x,pT ) + C[D]
G πΦ

(qg→qg)
G (x,pT ) , (4.14)

where the factors C[D]
G are the same gluonic pole strengths as in the previous section,

equation (4.7). The advantage is obvious; instead of having to give nine quark correlators
Φ[D](x,pT ) for quark-gluon scattering, the two correlators in (4.13) suffice. This obser-
vation holds for all TMD quark correlators that contribute to hadron-hadron scattering at
tree-level:

Φ[U(D)](x,pT ) = Φ(ab→cd)(x,pT ) + C[D]
G πΦ

(ab→cd)
G (x,pT ) . (4.15)

The matrix elements on the r.h.s. of this expression in general depend on the partonic
channel ab→cd, but not on the particular Feynman diagram D that contributes to this
channel. The only dependence on the individual Feynman diagrams resides in the gluonic
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pole factors. Through the decomposition in (4.15) it can also more easily be argued
that the sums of Feynman diagrams representing the hard partonic functions of hadronic
processes are indeed gauge invariant, see the following section.

The matrix elements that appear on the r.h.s. of expression (4.15) are chosen such
that they possess particular properties under pT -integration and pT -weighting. That is,
the matrix elements Φ(ab→cd)(x,pT ) reduce to the collinear matrix element Φ(x) upon pT -
integration and to Φ̃∂(x) upon pT -weighting (i.e. taking the transverse moment). On the
other hand, the matrix elements πΦ

(ab→cd)
G (x,pT ) vanish upon pT -integration and reduce

to the matrix element πΦG(x,x) upon pT -weighting:

Φ(x) =

∫
d2pT Φ(ab→cd)(x,pT) , Φ̃α

∂ (x) =

∫
d2pT pαT Φ(ab→cd)(x,pT) , (4.16a)

0 =

∫
d2pT Φ

(ab→cd)
G (x,pT) , Φα

G(x,x) =

∫
d2pT pαT Φ

(ab→cd)
G (x,pT) . (4.16b)

Using the counting procedure discussed in the previous section it is simple to check that
the matrix elements in (4.13) indeed satisfy these properties. That should not come as a
surprise, since they were defined that way. From Table 4 of ref. [21] it is seen that the nine
quark correlators associated to quark-gluon scattering contain combinations of the Wilson
line structures U[+], Tr[U[�]]U[−] and Tr[U[�]] Tr[U[�]†]U[+]. The matrix elements in
expression (4.13) correspond to those combinations of these Wilson lines that possess the
properties in (4.16). It is a remarkable and non-trivial observation that with the gluonic
pole strengths all the quark correlators encountered in a certain partonic process ab→cd
can in this way be decomposed in terms of the two matrix elements Φ(ab→cd) and πΦ

(ab→cd)
G

only. It should be mentioned, though, that this decomposition is not unique. For instance,
one could also have made a decomposition in terms of more matrix elements. That is,
by including matrix elements that do not contribute to the zeroth (pT -integration) and
first (pT -weighting) transverse moments in pT , but do contribute to the second moment,
third moment, etc. It is conceivable that the inclusion of these additional matrix elements
will allow one to summarize the TMD quark correlators encountered in different partonic
processes as well, in the same way that it was possible to summarize all quark correlators
associated to the different Feynman diagrams D that contribute to one specific partonic
process ab→cd by the two matrix elements Φ(ab→cd) and πΦ

(ab→cd)
G . At present this is

nothing more than speculation, though, and the verification or falsification will require
more insight into the way that the different Wilson line structures contribute to higher
transverse moments. However, regardless of all these cautionary remarks we believe that
the notational advantage, the points concerning gauge invariance of the hard functions that
will be addressed in the next section and the possible role that it could play in relating the
gauge link formalism to the results of refs. [127,128] (see also the discussion at the end of
section 4.3.2) provide enough justification for giving the decomposition (4.15) here, even
if it turns out to be nothing more than an academic exercise.

An important example of the decomposition (4.15) is the one for the TMD correlators
in SIDIS (Φ[+]) and Drell-Yan scattering (Φ[−]), where the matrix elements Φ(ab→cd)(x,pT )
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and πΦ
(ab→cd)
G (x,pT ) are given by the T -even and T -odd matrix elements [119]:

Φ(T -even)(x,pT ) = 1
2
(
Φ[+](x,pT ) + Φ[−](x,pT )

)
, (4.17a)

Φ(T -odd)(x,pT ) = 1
2
(
Φ[+](x,pT )−Φ[−](x,pT )

)
, (4.17b)

respectively, and with the gluonic pole strengths C[±]
G =±1 as in the case of their transverse

moments (2.61). As a caveat it should be mentioned that in general the TMD matrix ele-
ments on the r.h.s. of expression (4.15) do not have definite behavior under time-reversal.
However, the process dependent universality-breaking parts of the TMD correlators can
be separated from the universal T -even and T -odd parts in (4.17) as follows,

Φ(ab→cd)(x,pT ) = Φ(T -even)(x,pT ) + δΦ(ab→cd)(x,pT ) , (4.18a)

πΦ
(ab→cd)
G (x,pT ) = Φ(T -odd)(x,pT ) + πδΦ(ab→cd)

G (x,pT ) . (4.18b)

In these expressions all process dependence due to the Wilson lines is contained in the
universality-breaking matrix elements δΦ(ab→cd)(x,pT ) and πδΦ(ab→cd)

G (x,pT ). In general
they have no definite behavior under time-reversal, but do have the special properties that
they vanish after pT -integration and weighting:

∫
d2 pT δΦ(ab→cd)(x,pT ) =

∫
d2 pT pαT δΦ(ab→cd)(x,pT ) = 0 , (4.19a)

∫
d2 pT δΦ(ab→cd)

G (x,pT ) =

∫
d2 pT pαT δΦ(ab→cd)

G (x,pT ) = 0 . (4.19b)

This is in accordance with the properties given in expression (4.16). All universality-
breaking TMD matrix elements that occur at tree-level in hadron-hadron scattering with
hadronic final states are listed in appendix A. The TMD correlators Φ[D](x,pT ) in these
processes have already been derived in ref. [21] and are given in the tables of that refer-
ence. It is straightforward to verify that these results are reproduced with the universality-
breaking matrix elements given in appendix A and through the decompositions (4.15)
and (4.18) (in the case of (anti)quark correlators, or the decompositions (4.20) and (4.23)
in the case of gluons). In their parametrizations the T -even and T -odd matrix elements
in (4.17) contain the T -even and T -odd (respectively) quark distribution functions of the
quark correlator in (2.41). In particular, these are the quark distribution functions as they
are measured in SIDIS. The universality-breaking matrix elements, on the other hand,
have parametrizations similar to the one in (2.41) with both T -even and T -odd functions
which, moreover, are process-dependent. Due to the properties under pT -integration and
weighting in expressions (4.19), the distribution functions in the parametrizations of the
universality-breaking matrix elements do not contribute to the integrated and weighted
hadronic cross sections that will be considered in sections 4.3 and 4.4. If it can some-
how be argued that the universality-breaking matrix elements can also be neglected in
the unintegrated, unweighted cross sections, one would retrieve the situation with univer-
sal functions only as advocated in refs. [127,128] (hence the name universality-breaking
matrix elements).
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For the quark fragmentation correlator and the antiquark correlation functions one
can make similar decompositions as in (4.15). However, the treatment of the transverse
momentum dependent gluon correlators is more open-ended. It seems that not for all
tree-level processes that contribute to hadron-hadron scattering such a decomposition can
be made. In any case it requires the inclusion of three transverse momentum dependent
matrix elements (with Γ[D]≡Γ[U(D),U′(D)]):

Γ[D](x,pT) = Γ(ab→cd)(x,pT) + C[D] ( f )
G πΓ

(ab→cd)
G f

(x,pT) + C[D] (d)
G πΓ

(ab→cd)
Gd

(x,pT) , (4.20)

where the C( f /d)
G are the same gluonic pole strengths as in section 4.1.1, equation (4.11).

As for the quark correlators it is advantageous to define T -even and T -odd gluon correla-
tors:

Γ(T -even)µν(x,pT ) =
nρ nσ
(p·n)2

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ〈P,S | Tr
[ 1

2 Fµρ(0)U[+] Fνσ(ξ)U[+] †

+ 1
2 Fµρ(0)U[−] Fνσ(ξ)U[−] † ] |P,S 〉 ⌋LF , (4.21a)

Γ
(T -odd)µν
( f ) (x,pT ) =

nρ nσ
(p·n)2

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ〈P,S | Tr
[ 1

2 Fµρ(0)U[+] Fνσ(ξ)U[+] †

− 1
2 Fµρ(0)U[−] Fνσ(ξ)U[−] † ] |P,S 〉 ⌋LF , (4.21b)

Γ
(T -odd)µν
(d) (x,pT ) =

nρ nσ
(p·n)2

∫
d(ξ·P)d2ξT

(2π)3 eip·ξ〈P,S | Tr
[ 1

2 Fµρ(0)U[+] Fνσ(ξ)U[−] †

− 1
2 Fµρ(0)U[−] Fνσ(ξ)U[+] † ] |P,S 〉 ⌋LF , (4.21c)

where as in ref. [119] a gluon correlator is called T -odd if it vanishes when identifying
the future and past pointing Wilson lines. After pT -integration or weighting they reduce
to the universal collinear matrix elements in the decomposition (4.11):

Γ(x) =

∫
d2pT Γ(T -even)(x,pT) , Γ̃α∂ (x) =

∫
d2pT pαT Γ(T -even)(x,pT) , (4.22a)

0 =

∫
d2pT Γ

(T -odd)
( f /d) (x,pT) , Γ

( f /d)
G

α(x,x) =

∫
d2pT pαT Γ

(T -odd)
( f /d) (x,pT) . (4.22b)

Note that in contrast to Γ(T -even) and Γ
(T -odd)
( f ) , the matrix element Γ

(T -odd)
(d) cannot be written

as a matrix element of two gluon fields with a Wilson line in the adjoint representation.
The matrix element Γ(T -even) contains only T -even gluon distribution functions in its para-
metrization, while the matrix elements Γ

(T -odd)
( f /d) contain only T -odd functions.

The correlators Γ(ab→cd) and Γ
(ab→cd)
G f /d

have the same behavior as Γ(T -even) and Γ
(T -odd)
( f /d)

under pT -integration and weighting. Therefore, one can make the further separation

Γ(ab→cd)(x,pT ) = Γ(T -even)(x,pT ) + δΓ(ab→cd)(x,pT ) , (4.23a)

πΓ
(ab→cd)
G f /d

(x,pT ) = Γ
(T -odd)
( f /d) (x,pT ) + πδΓ(ab→cd)

G f /d
(x,pT ) . (4.23b)

All process dependence has been gathered in the universality-breaking matrix elements
δΓ(ab→cd) and πδΓ(ab→cd)

( f /d) , which vanish after a pT -integration or pT -weighting. They con-
tain both T -even and T -odd gluon distribution functions in their parametrizations. As
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for the case of quarks the universality-breaking matrix elements do not contribute to the
integrated and weighted cross sections that will be considered in this thesis. Also for
the gluon correlators the universality-breaking matrix elements that are encountered in
hadron-hadron scattering at tree-level are listed in appendix A. It is straightforward to
check that through the decomposition (4.20) and with the gluonic pole strengths given
in appendix B the TMD gluon correlators in the Tables 4, 5 and 8 of ref. [21] cor-
responding to qg→qg, q̄g→q̄g and gg→gg scattering are reproduced. However, the
TMD correlators in the Tables 6 and 7 are only reproduced up to terms of the form
〈P,S | Tr

[
F(ξ)U[�] ] Tr

[
F(0)U[�]† ] |P,S 〉. It is not clear what the role of such matrix

elements is. They do not contribute to the pT -integrated gluon correlators Γ(x) nor to the
first transverse moments Γ

[D]
∂

(x). If they contribute at all, it will be to the second or higher
transverse moments. In the sections 4.3 and 4.4 only weighted single-spin asymmetries
will be considered where terms of this sort do not contribute.

As a concluding remark we mention that for processes that contain 4-gluon vertices in
the hard partonic functions the decomposition (4.20) for the TMD gluon correlator applies
to the individual terms in the color-flow decomposition of the scattering diagram, using
the gluonic pole strengths of the diagram with the corresponding color-flow structure in
the right panel of Table B.3. A more detailed discussion on this point can be found at the
end of section 3.3.3.

4.2 Gluonic Pole Scattering Cross Sections

A crucial observation about the Wilson lines that has been mentioned several times in this
manuscript already and that will once again be emphasized is its subprocess dependence.
This dependence is to be expected, since the Wilson lines can be regarded as the effect of
the resummation of collinear gluon interactions between the soft and the hard functions.
What is perhaps more surprising is the broad spectrum of different Wilson lines that are
encountered when going beyond the basic electromagnetic processes. It is hoped that
the transverse momentum dependent distribution and fragmentation functions with these
complicated Wilson line structures can be related to one another using the gluonic pole
strengths, as was the case for the collinear functions (cf. section 4.1.1). However, it is not
obvious that such a relation should hold and until it is proven (or disproven) rigorously
we are faced with a possible concern about the gauge invariance of the hard functions
encountered in the hadron-hadron scattering processes discussed in later sections. To
clarify the potential concern we once again take quark-gluon scattering as an example.
There are nine cut Feynman diagrams that contribute to this partonic process (cf. the left
panel of Table B.3). Focusing on the incoming quark the resummation of all collinear
gluon interactions of the target remnants with the hard partonic function will for each
Feynman diagram, in general, lead to a different Wilson line in its correlator. The hadronic
cross section will, then, involve a convolution of the schematic form

Φ[D1](x,pT)⊗ + Φ[D2](x,pT)⊗ + · · · , (4.24)
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where the Φ[Di](x,pT) are the gauge invariant TMD quark correlators that include in their
definitions the Wilson lines associated to the Feynman diagrams Di that they appear con-
voluted with. These can be found in Table 4 of ref. [21]. In perturbative QCD the sum of
cut Feynman diagrams representing the quark-gluon scattering cross section

dσ̂qg→qg

dt̂
= + + · · · (4.25a)

= −4πα2
S T 2

F

ŝ2

ŝ2+û2

2ŝû

{ ŝ2+û2

t̂2 − 1
N2

}
, (4.25b)

is a gauge invariant quantity, which is a prerequisite for it to be a well-defined object in the
first place. However, the expressions of the individual Feynman diagrams in this sum are,
themselves, not gauge invariant. Since in the hadronic cross section (4.24) each Feynman
diagram appears convoluted with a different TMD correlator, it is at first sight not obvious
that the terms in expression (4.24) sum up to a gauge invariant quantity.

In the case that an integration over the intrinsic transverse momentum pT of the quark
can be performed all the TMD correlators in (4.24) reduce to the universal collinear quark
correlator Φ[Di](x,pT)→Φ(x) given in equation (2.59). This correlator can, then, be fac-
tored from the sum in (4.24) leaving the gauge invariant sum of cut Feynman diagrams
in expression (4.25). The end result is a convolution of the universal and gauge invariant
quark correlator Φ(x) with the gauge invariant partonic scattering cross section dσ̂qg→qg.
Weighted spin asymmetries usually also involve the transverse moments Φ

[Di]
∂

(x) of the
TMD correlators. These still contain a subprocess dependence due to the Wilson lines
in the TMD correlators. However, as we have seen in section 4.1.1, equation (4.7), they
can be written in terms of the universal collinear matrix elements Φ̃∂(x) and πΦG(x,x) by
making use of the gluonic pole strengths. Hence, taking the transverse moment of the
expression in (4.24) and inserting this decomposition one obtains

Φ
[D1]
∂

(x)⊗ + Φ
[D2]
∂

(x)⊗ + · · ·

= Φ̃∂(x)⊗
(

+ + · · ·
)

+πΦG(x,x)⊗
(

C[D1]
G (qi) + C[D2]

G (qi) + · · ·
)
, (4.26)

where the argument qi of the gluonic pole strengths indicate that these are the color factors
in the decomposition of the correlator corresponding to the incoming quark. Therefore, in
weighted azimuthal asymmetries the T -even collinear matrix element Φ̃∂(x) will appear
convoluted with the usual partonic scattering cross section dσ̂qg→qg in (4.25). The T -odd
collinear matrix element πΦG(x,x), on the other hand, appears with a weighted sum of cut
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Feynman diagrams dσ̂[q]g→qg with the gluonic pole strengths as weight factors:

dσ̂[q]g→qg

dt̂
= C[D1]

G (qi) + C[D2]
G (qi) + · · · (4.27a)

= −4πα2
S T 2

F

ŝ2

ŝ2+û2

2ŝû

{ ŝ2

t̂2 −
N2+1
N2−1

{ û2

t̂2 −
1

N2

}}
, (4.27b)

where we have used the weights given in the left panel of Table B.3. Since this hard
function contains the gluonic pole strengths as weight factors it is referred to as a glu-
onic pole cross section and it should be contrasted to the usual partonic cross section, see
Figure 4.3. The bracketed subscript [q] indicates that in this example it is the incoming
quark that ‘contributes’ the T -odd effect and whose gluonic pole strengths are taken as the
weight factors (in other processes the T -odd effects may be associated to other partons,
in which case we will use similar notations for their corresponding subscripts). These ob-
servations generalize to all partonic processes that contribute to hadron-hadron scattering
in the Born-approximation. Even though the expressions of the individual Feynman dia-
grams are not gauge invariant, the weighted sums of Feynman diagrams with the gluonic
pole strengths as weight factors are properly gauge invariant. This has been verified by
explicit calculations of all the gluonic pole cross sections that contribute to hadron-hadron
scattering at tree-level [22]. That these weighted sums of Feynman diagrams are gauge in-
variant is a non-trivial result and an important consistency check of the formalism. Some
of the gluonic pole scattering cross section are given in appendix C (all cross sections are
given for massless quarks). The others can be obtained from these by using one or several
of the symmetries that will be discussed below.

Since the gluonic pole matrix element ΦG(x,x) contains (the first moment of) the
Sivers and the Boer-Mulders functions in its parametrization (2.62b), it is seen from
expression (4.7) that in weighted single-spin asymmetries the T -odd quark distribution
functions will appear convoluted with gluonic pole cross sections as hard functions.

For quark fragmentation the situation is slightly more involved. As mentioned, due to
the final state interactions between the outgoing observed hadron and its accompanying
jet, both terms on the r.h.s. of expression (4.8) can contribute to the T -odd effects. The
matrix element ∆̃∂

( 1
z
)

appears in the same way regardless of the process, while the glu-
onic pole matrix element ∆G

( 1
z ,

1
z
)

occurs multiplied by gluonic pole factors. Comparing
this with the case of quark distribution described above, it is seen that the quark frag-
mentation functions in the parametrization of ∆̃∂( 1

z ) (the non-tilde-functions) appear with
the standard partonic cross sections. Similarly, the fragmentation functions in the para-
metrization of the gluonic pole matrix element (the tilde-functions) appear with gluonic
pole cross sections. For instance, the Collins effect in the quark-gluon scattering contri-
bution to weighted single-spin asymmetries in the process p↑p→ππX will have the form
(cf. (4.58))

h1(x1) G(x2)
d∆σ̂q↑g→q↑g

dt̂
H⊥(1)

1 (z1) Ĝ(z2)

+ h1(x1) G(x2)
d∆σ̂q↑g→[q↑]g

dt̂
H̃⊥(1)

1 (z1) Ĝ(z2) ,
(4.28)
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Figure 4.3: Comparison of some of the unpolarized partonic and gluonic pole cross sections. We
plot their ratios for N=3 (solid line) and N→∞ (dashed line) against the variable y defined in (2.8).

where the h1, G and Ĝ are the quark transversity distribution and gluon unpolarized dis-
tribution and fragmentation functions, respectively. The d∆σ̂q↑g→q↑g is the standard polar-
ized partonic cross section and d∆σ̂q↑g→[q↑]g is the gluonic pole cross section:

d∆σ̂q↑g→q↑g

dt̂
= + + · · · , (4.29a)

d∆σ̂q↑g→[q↑]g

dt̂
= C[D1]

G (q f ) + C[D2]
G (q f ) + · · · , (4.29b)

as defined in equations (2.65)-(2.67). The C[D]
G (q f ) now refer to the gluonic pole strengths

in the decompositions of the quark fragmentation correlators. At this point we would like
to recall once more that the case of universality of quark fragmentation as conjectured in
ref. [134] is included as the situation of vanishing tilde-fragmentation functions. There
would, then, be no contribution from gluonic pole scattering cross sections associated
with quark fragmentation.

The leading contribution to the parametrizations of the gluon correlators (2.44) are
transverse to both the momentum of the parent/daughter hadron and its conjugate direc-
tion. The constraint on this conjugate n-direction is that it has a nonvanishing overlap



84 chapter 4: physical processes

with the hadron’s momentum, but can otherwise be chosen arbitrarily. The expressions
for the individual diagrams that contribute to the hadronic cross section are not indepen-
dent of these n-vectors. They enter the expression through the parametrizations of the
gluon correlators (2.45) and (4.12) (where they are hidden in the transverse projectors
gT and εT , cf. (2.23)). In particular, for each external gluon there can be a different n-
vector. However, in the basic partonic cross sections in equation (2.66) as well as in the
gluonic pole cross sections in equation (2.65) all the n-dependences cancel. To illustrate
the role of gluons we again consider quark-gluon scattering. As was seen in section 4.1.1,
equation (4.11), the transverse moments of the gluon correlators have two gluonic pole
matrix elements in their decomposition, which appear multiplied by two distinct gluonic
pole strengths. Both gluonic pole matrix elements contain a gluon-Sivers-like distribu-
tion function in their parametrization, cf. expression (4.12b). Hence, following the same
reasoning as for the quark contribution discussed above, it follows that the (first moments
of the) two gluon-Sivers functions G( f )

T
(1) and G(d)

T
(1) will appear multiplied by different

gluonic pole cross sections, one containing the weight factors C ( f )
G and one containing

the weights C(d)
G , respectively. Therefore, the gluon-Sivers contribution to the weighted

azimuthal asymmetry in back-to-back pion production in hadron-hadron scattering will
have the generic form (cf. (4.56d)-(4.56i))

G( f )
T

(1)(x1) f1(x2)
dσ̂( f )

[g]q→gq

dt̂
Ĝ(z1) D1(z2)

+ G(d)
T

(1)(x1) f1(x2)
dσ̂(d)

[g]q→gq

dt̂
Ĝ(z1) D1(z2) .

(4.30)

The two gluon-Sivers functions will always appear multiplied by the same combination
of distribution and fragmentation functions, but they are weighted with different gluonic
pole cross sections. This might allow for an experimental disentanglement of the two
gluon-Sivers functions, though this could prove to be quite challenging in practice, as
it will probably require the comparison of several processes (cf. the discussion below
expression (4.12)).

For processes that involve diagrams with 4-gluon vertices, also the different terms in
the color-flow decompositions of these diagrams appear weighted with different factors
in the gluonic pole cross sections dσ̂( f ) and dσ̂(d). These factors are the gluonic pole
strengths of the corresponding color-flow diagrams. Therefore all gg→gg gluonic pole
cross sections in the Born-approximation can be computed using the results summarized
in the right panel of Table B.3. A more detailed discussion of this point is given in sec-
tion 3.3.3 and in ref. [22]. Many gluonic pole scattering cross sections (with the gluonic
pole associated either with a quark or a gluon) that appear in single-spin asymmetries in
hadron-hadron scattering are given in appendix C. The others can be obtained from these
by using the symmetries that exist among the gluonic pole cross sections and which will
be considered next.

The different gluonic pole cross sections cannot be related to one another using the
crossing symmetries that exist among the partonic cross sections. A simple example is
ud→ud versus uū→dd̄ scattering. The first process is described by a t-channel diagram
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and the second by an s-channel diagram. Correspondingly, the partonic cross sections can
be related by interchanging the Mandelstam variables ŝ and t̂ (cf. left panel of Table C.1).
Going to the gluonic pole cross sections these two diagrams are multiplied by different
gluonic pole factors. Hence, the gluonic pole cross sections are not related by an ŝ↔t̂
crossing (an even simpler example is provided by the processes ud→ud and ud̄→ud̄ that
have the same partonic cross sections, but different gluonic pole cross sections). The
only crossing symmetry that survives in the gluonic pole cross sections is the substitution
t̂↔û when interchanging two partons in the initial or final state. For a particular partonic
process, there are some relations between the gluonic pole cross sections with the gluonic
pole associated with different partons. Using the relations between gluonic pole factors
as described in the captions of the tables in appendix B it is seen that

dσ̂[q1]q2→ab

dt̂
=

dσ̂q1[q2]→ab

dt̂
, (4.31a)

dσ̂ab→[q1]q2

dt̂
=

dσ̂ab→q1[q2]

dt̂
, (4.31b)

dσ̂[q1]a→q2b

dt̂
= −dσ̂q1a→[q2]b

dt̂
, (4.31c)

where q1 and q2 can be any quark or antiquark. For the gluonic pole cross sections where
the gluonic pole is associated with a gluon one has the following relations

dσ̂( f )
[g]g→ab

dt̂
=

dσ̂( f )
g[g]→ab

dt̂
,

dσ̂(d)
[g]g→ab

dt̂
= −

dσ̂(d)
g[g]→ab

dt̂
, (4.31d)

dσ̂( f )
ab→[g]g

dt̂
=

dσ̂( f )
ab→g[g]

dt̂
,

dσ̂(d)
ab→[g]g

dt̂
= −

dσ̂(d)
ab→g[g]

dt̂
, (4.31e)

dσ̂( f )
[g]a→gb

dt̂
= −

dσ̂( f )
ga→[g]b

dt̂
,

dσ̂(d)
[g]a→gb

dt̂
=

dσ̂(d)
ga→[g]b

dt̂
. (4.31f)

In (4.31) the a and b can be any colored parton (quark, antiquark or gluon). These sym-
metries also hold for the polarized cross sections.

It should be noted that there is a relation between the gluonic pole strengths associ-
ated with an incoming quark CG(qi) calculated through the Wilson lines as described in
section 4.1.1 and the color factors calculated by Qiu and Sterman in ref. [101] for pion
production in proton-proton scattering p↑p→πX. Correspondingly, there is a relation be-
tween the gluonic pole cross sections and the hard functions calculated in that reference
and in ref. [144]. The relation between the color factors is

CG(qi) =
CI

q/g+CF
q/g+CF′

q/g

Cq/g
, (4.32)

where Cq/g, CI
q/g and CF

q/g are the color factors defined and calculated in ref. [101] (one
should note that some of the color factors in Table II of that reference are erroneous). The
factor Cq/g is the color factor of the spin-averaged subprocess. The factor C I

q/g is the color
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factor of the spin-dependent subprocess that has an additional gluon-attachment not to qi,
but to the other incoming parton. Similarly, the factor CF

q/g is the color factor of the spin-
dependent subprocess with a gluon attachment to the outgoing parton that fragments into
the observed pion. The factor CF′

q/g is the corresponding color factor of the spin-dependent
subprocess with a gluon attachment to the other outgoing parton. These factors have
not been given in ref. [101], where it is argued that they are not needed in the one-pion
inclusive process that is considered there. They can be calculated in exactly the same way
as the factors C I and CF . In some cases they can also be obtained from the factors that
are calculated in ref. [101] by using symmetry considerations. That is, the color factor
CF′ of the process ab→cπd is the same as the color factor CF of the process ab→cdπ,
where the subscript π indicates which parton fragments into the observed pion. From
the relation (4.32) between the color factors it follows that also the gluonic pole cross
sections can be related to the hard functions H I/F in refs. [101, 144] when the gluonic
pole is associated to a quark:

dσ̂[q]b→cd

dt̂
= HI

qb→c + HF
qb→c + HF′

qb→c . (4.33)

The HI and HF are the expressions of the hard functions of the partonic process ab→cd
with an additional soft gluon insertion to the initial-state parton b and final-state parton c,
respectively, where c is the parton that fragments into the observed pion in the final-state.
The HF′ is obtained by attaching the soft gluon to the final-state parton d. These have
not been given in the stated references but, as with the color factors, they can often be
obtained from symmetry considerations. That is, the HF′ for the process ab→cπd is the
same as the HF of the process ab→cdπ which, in turn, can be related to the HF of the
process ab→dπc by a t̂↔û interchange. These relations between the Wilson line approach
discussed in this manuscript and the collinear twist-three formalism as described, e.g., in
refs. [101, 144, 145] hints to a close connection between the different approaches. What
the exact connection is still needs further clarification, though.

So far we have only considered the collinear treatment. Turning to the transverse mo-
mentum dependent case and inserting the decomposition of the TMD quark correlator in
equation (4.14) into the quark-gluon contribution in expression (4.24), it can be rewritten
to

Φ[D1](x,pT)⊗ + Φ[D2](x,pT)⊗ + · · ·

= Φ(qg→qg)(x,pT)⊗
(

+ + · · ·
)

+πΦ
(qg→qg)
G (x,pT)⊗

(
C[D1]

G + C[D2]
G + · · ·

)
. (4.34)

It follows that as for the collinear case this expression involves the gauge invariant sums
and weighted sums of cut Feynman diagrams with the gluonic pole strengths as weight
factors. Using the decompositions of the TMD correlators in (4.15) and (4.20) this
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conclusion generalizes to the other partonic contributions. An important difference be-
tween the expressions in (4.26) and (4.34) is that the former involves universal matrix
elements, while the latter involves subprocess dependent matrix elements. However, ex-
pression (4.34) does demonstrate that the quark-gluon contribution to the hadronic cross
section is indeed a gauge invariant quantity, even though this might not directly be ob-
vious from the expression in (4.24). The same holds for the other partonic contributions
to hadron-hadron scattering at tree-level. Hence, with the introduction of the gluonic
pole cross sections the single-spin asymmetries in these processes can be written as con-
volutions of soft functions (correlators) and hard partonic functions that are separately
manifestly gauge invariant.

4.3 Hadronic Back-to-Back Jet and Pion Production

Through measurements of deep-inelastic scattering processes unpolarized and longitu-
dinally polarized quark distribution functions have been extracted from experiment to
quite good accuracy (see e.g. [146, 147]). The measurement of the transversity distribu-
tion functions requires, in addition, comparison to other scattering processes, such as the
Drell-Yan process, since these distribution functions entail a helicity flip and cannot ap-
pear in DIS at leading order, see e.g. [50, 95]. Also the theoretical description of these
and related electromagnetic scattering processes has greatly advanced in the last decade,
with factorization theorems now established for several spin-averaged and spin dependent
processes [63–65,69,70]. Subsequent to the success of the phenomenological description
of the basic electromagnetic processes, the theoretical attention has been shifting slightly
to processes such as pion, jet or photon-jet production in hadron-hadron scattering. These
reactions all involve partonic processes with QCD gauge interactions and they serve as
an excellent testing ground for our understanding of the theoretical description of highly
energetic processes and the elementary principle of gauge invariance. At the same time
these processes are also interesting from a phenomenological point of view, since they
can display remarkably large spin asymmetries, sometimes in the order of tens of per-
cents, see e.g. [86–89, 120, 148–151]. Hence, in combination with the electromagnetic
processes they might also be used to experimentally infer for example the transversity
function. Moreover, they include gluon distribution functions at leading order, which
allows one to access these functions as well.

Following the increasing interest in these strong-interaction processes, we will take
a closer look at pion-pion, jet-jet and photon-jet production. We consider the situation
that the outgoing pions, jets or photons have large momentum components in the plane
perpendicular to the beam axis and that these components, in fact, define a hard scale. In
addition, we take them to be approximately back-to-back in the perpendicular plane. Their
azimuthal imbalance δ (see Figure 4.5) can be used to define single-spin observables that
might be used to test the concepts used for analyzing hard scattering reactions and gain
insight into the nontrivial universality properties of, for instance, the Sivers function (see
e.g. [23, 152]). The difference angle δ vanishes in case of collinear kinematics, but can
attain finite values due to spin correlations with partonic transverse momenta. Hence, it
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Figure 4.4: Factorization in soft parton correlators and hard functions as
assumed for the back-to-back hadro-production process H1H2→h1h2X.

can be used to define a second and much smaller scale than the perpendicular momentum
component of the individual pions or jets and that is sensitive to the intrinsic transverse
degrees of freedom of the partons. As a caveat it should be mentioned that for most
of these processes there are no established factorization theorems at the time of writing.
Only very recently a transverse momentum dependent factorization formula for the spin
asymmetry in dijet production was proposed in refs. [127, 128], which has subsequently
been questioned in ref. [129]. In this text we will consider the situation depicted in Fig-
ure 4.4, which assumes as a starting point that the soft physics associated to each of the
hadrons factorizes separately from the hard lightcone physics when one takes the overlap
of the momenta of each of the different observed hadrons to be of the hard scale. The hard
amplitudes H at leading order are 2→2 partonic processes that contain strong interactions
and in general involve many possible partonic channels. This makes the description of
these processes particularly challenging and equally more interesting. We will only take
the leading order processes into account. In particular, the possible presence of soft fac-
tors [127, 128] will be ignored here. We believe that within our approximations this is a
reasonable assumption, since any soft factor will probably be unity at tree-level. How-
ever, future and more accurate studies or comparisons to experiment might well require
the inclusion of soft factors and perturbative corrections to the hard functions. At the end
of section 4.3.2 we will shortly speculate how the gauge link approach taken here might
be connected to the work of refs. [127–129].

Since hadronic back-to-back jet or photon-jet production is more readily obtained
from the treatment of back-to-back pion production than the other way around, we will
start off with the latter process. First we will give an overview of the kinematics and
subsequently consider some weighted spin asymmetries for this process.

4.3.1 Kinematics

In this section we will give a short overview of the kinematics of the hadronic two-pion
production process H1(P1)+H2(P2)→h1(K1)+h2(K2)+X. The kinematics of other 2→2
processes can be analyzed similarly. To be more precise, we consider the case that the
observed pions in the final state are nearly back-to-back in the plane perpendicular to the
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beam axis. It can, then, be assumed that the situation is as indicated in Figure 4.4, where
the two outgoing pions belong to two different hadronic jets and interference fragmenta-
tion effects can be discarded. We will also ignore all proton, pion and quark masses.

Projections in the plane perpendicular to the incoming hadronic momenta P1 and P2
will be indicated by the subscript ⊥. In particular, we will use the perpendicular compo-
nents of the pion momenta to define the scaled perpendicular variables xi⊥=2|Ki⊥|/

√
s,

where s is the total center-of-mass (cm) energy squared s≡ (P1+P2)2 = E2
cm. In terms of

the components along and perpendicular to the beam axis the momenta of the outgoing
pions are:

K µ
1 = 1

2 x1⊥
(
e+η1 Pµ

1 +e−η1 Pµ
2
)

+ K µ
1⊥ , (4.35a)

K µ
2 = 1

2 x2⊥
(
e+η2 Pµ

1 +e−η2 Pµ
2
)

+ K µ
2⊥ , (4.35b)

where the ηi are the pseudo-rapidities of the outgoing particles, i.e., ηi =− ln
(

tan( 1
2θi)

)

with θi the polar angles of the outgoing pions in the cm-frame of the protons. In terms of
the pseudo-rapidities the Feynman variables are xiF ≡Kcm

iz /K
cm (max)
iz = xi⊥ sinh ηi and the

variable y defined in expression (2.8) reads:

y = − t̂
ŝ

=
1

e(η1−η2)+1
. (4.36)

The partonic hard functions at tree-level are functions of the three Mandelstam variables
ŝ= (p1+p2)2, t̂= (p1−k1)2 and û= (p1−k2)2. Through expression (4.36) and û/ŝ=y−1 they
can also be seen as functions of the variable y which, in turn, depends only on the differ-
ence of the pseudo-rapidities of the outgoing pions.

As stated before, the magnitude of the perpendicular components Ki⊥ is assumed to
be of the order of the hard scale. These vectors can be used to define orthogonal unit
vectors in the perpendicular plane:

eµ1⊥ =
K µ

1⊥
|K1⊥| , eµ1N = −2

s
εP1P2K1µ

|K1⊥| = ε
µν
⊥ e1⊥ν , (4.37)

and similarly for K2⊥. In single transverse-spin asymmetries the spin vector is usually
used to define the x̂-axis in the perpendicular plane, see Figure 4.5, while the three-vector
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P̂1 = P1/|P1| of the polarized hadron defines the positive ẑ-axis. The ŷ-axis is, then, taken
to define a right-handed coordinate system. Following the Trento conventions [153] the
azimuthal angles of the outgoing hadrons can be obtained through

cos φi =
P̂1×S⊥
|P̂1×S⊥|

· P̂1×Ki⊥
|P̂1×Ki⊥|

, sin φi =
(P̂1×S⊥) ·Ki⊥
|P̂1×S⊥| |P̂1×Ki⊥|

. (4.38)

All three-vectors refer to the cm-frame of the protons or any frame connected to it by a
boost in the direction of P1. The phase-space elements can be expressed in terms of the
variables defined above:

d3Ki

(2π)3 2EKi

=
xi⊥ s

8 (2π)2 dxi⊥ dηi
dφi

2π
. (4.39)

Another vector in the perpendicular plane that is commonly used in the literature is ob-
tained by weighting the perpendicular components of the pion momenta with their mo-
mentum fractions:

rµ⊥ =
K µ

1⊥
z1

+
K µ

2⊥
z2

. (4.40)

This vector only involves transverse momenta of the partons, i.e. it is the projection of the
intrinsic transverse momentum qT in the perpendicular plane r⊥≈qT⊥ (see below).

To a first approximation the pions are produced by 2→2 partonic QCD hard scattering
processes, cf. Figure 4.4. The Sudakov decompositions of the partonic momenta are taken
as in expression (2.21):

pµ1 = x1Pµ
1 + σ1 nµ1 + pµ1T , kµ1 = 1

z1
K µ

1 + σh1nµh1 + kµ1T , (4.41a)

pµ2 = x2Pµ
2 + σ2 nµ2 + pµ2T , kµ2 = 1

z2
K µ

2 + σh2 nµh2 + kµ2T . (4.41b)

It should be noted that the subscript T on the intrinsic transverse momenta in the expres-
sions above refers to transverseness w.r.t. a different set of vectors in each case. For in-
stance, the vector p1T is orthogonal to P1 and n1, while p2T is orthogonal to P2 and n2, etc.
The invariants σ are obtained through equation (2.22). The distribution and fragmentation
correlators usually appear integrated over this variable. To each hadron one can associate
a different set of transverse projectors as in expression (2.23). From momentum con-
servation it follows that the parton momenta are related through Rµ≡ pµ1 +pµ2−kµ1−kµ2 =0.
However, as the intrinsic transverse momenta are not all projections onto the same plane,
this does not imply that the sum of the transverse momenta

qµT ≡ pµ1T + pµ2T − kµ1T − kµ2T ≈ z−1
1 K µ

1 + z−1
2 K µ

2 − x1Pµ
1 − x2Pµ

2 , (4.42)

vanishes. In the perpendicular plane the connection to the vector in (4.40) is made:
0=Rµ

⊥≈qµT⊥−rµ⊥. In particular, from the projections along the unit vectors e1⊥ and e1N

in the perpendicular plane one obtains, up to O(1/
√

s ), the restrictions

0 = R·e1⊥ ≈ qT ·e1⊥ +

( x1⊥
z1
− x2⊥

z2

) √s
2

, (4.43a)

0 = R·e1N ≈ qT ·e1N +
x2⊥
z2

√
s

2
sin(δ) . (4.43b)
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Since we have assumed that the magnitudes |Ki⊥| of the perpendicular components of
the outgoing pions are of a scale much bigger than the intrinsic transverse momentum
qT , it follows from (4.43a) that to leading order one has x1⊥/z1≈ x2⊥/z2≡ x⊥. From the
second restriction it is seen that sin(δ)∝1/

√
s can be used to construct cross sections

that are weighted with the projection of the intrinsic transverse momentum qT along the
perpendicular direction e1N . For this weighted cross section the relations given above are
enforced by the delta function for momentum conservation on the partonic level

δ4(p1+p2−k1−k2)

= 1
2 sδ(R·P1)δ(R·P2)δ2(R⊥) (4.44a)

=
4
s2

1
x1⊥x2⊥

∫
dx⊥ δ

(
x1− 1

2 x⊥(eη1+eη2 )
)
δ
(
x2− 1

2 x⊥(e−η1+e−η2 )
)

× δ
(
z−1

1 −
x⊥
x1⊥

)
δ
(
z−1

2 −
x⊥
x2⊥

)
δ
(qT ·e1N√

s
+ 1

2 x⊥ sin(δ)
)
. (4.44b)

The last expression for the delta function shows that for one or two-particle inclusive
processes the distribution and fragmentation functions will always appear convoluted
over one momentum fraction or, alternatively, over the perpendicular integration vari-
able x⊥. This variable can be interpreted as the scaled parton perpendicular momentum
x⊥=2|k2⊥|/

√
s. The cross section for pion-jet production is obtained by setting z2 =1 and

the cross section of jet-jet production by z1 =z2 =1. Hence, in back-to-back jet production
(as well as in the photon-jet and the Drell-Yan processes) the distribution functions will
not appear convoluted and in the sin(δ)-moment the scaled perpendicular variables match
x⊥= x1⊥= x2⊥ at leading twist. However, in that case the restriction in (4.43a) also relates
intrinsic transverse momenta to observed momenta: |K2⊥|− |K1⊥|≈qT ·e1⊥, and one can
construct azimuthal asymmetries involving both components of qT . See e.g. ref. [23] for
further details.

4.3.2 Cross Sections

As mentioned before, there are at present no established factorization theorems for the
H1H2→h1h2X process. We will assume that at tree-level such a factorization will have
the form as indicated in Figure 4.4. That is, we assume as a starting point the expression

dσh1h2 =
1
2s
|A|2 d3K1

(2π)3 2EK1

d3K2

(2π)3 2EK2

, (4.45)

where the 2s is a flux factor and the matrix element |A|2 factorizes in hard functions and
soft parton correlators for each hadron individually:

|A|2 =

∫
dx1d2p1T dx2d2p2T dz−1

1 d2k1T dz−1
2 d2k2T

× (2π)4δ4(p1+p2−k1−k2)
∑

a,···,d

∑

D

Tr
{
Φ[D]

a (x1,p1T ) Φ
[D]
b (x2,p2T )

× H(p1,p2,k1,k2) H∗(p1,p2,k1,k2) ∆[D]
c (z1,k1T ) ∆

[D]
d (z2,k2T )

}
. (4.46)
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The first summation runs over all parton types with the correlators in (4.46) referring to
the appropriate gauge invariant correlator for that type of parton. The second summation
runs over all hard functions HH∗ that contribute to ab→cd scattering and that are repre-
sented by the cut Feynman diagrams D. A summation over the color quantum number
is understood. The trace involves the appropriate contraction of Dirac indices of the soft
and hard functions. After inserting the relevant expressions for the squared scattering am-
plitude (4.46), the delta function (4.44b) and the phase-space elements (4.39) into (4.45),
the hadronic cross section for back-to-back hadron production becomes

dσh1h2 =
1

32 s
dx1⊥ dx2⊥ dη1 dη2

dφ1

2π
dφ2

2π

∫
dx⊥

∫
d2p1T d2p2T d2k1T d2k2T

× δ
(e1N ·qT√

s
+ 1

2 x⊥ sin(δ)
)

Σ(p1,p2,k1,k2) , (4.47)

where the Σ-function is a shorthand notation for the trace of hard functions and soft parton
correlators

Σ(p1,p2,k1,k2) =
∑

a,···,d

∑

D

Tr
{
Φ[D]

a (x1,p1T ) Φ
[D]
b (x2,p2T )

× H(p1,p2,k1,k2) H∗(p1,p2,k1,k2) ∆[D]
c (z1,k1T ) ∆

[D]
d (z2,k2T )

}
. (4.48)

In expression (4.47) the momentum fractions of the partons have been fixed by the argu-
ments of the delta functions in equation (4.44b).

The TMD correlators in (4.48) are the gauge invariant correlators that contain process-
dependent Wilson linesU=U(D). Moreover, they depend on the particular cut Feynman
diagram D that contributes to the partonic subprocess ab→cd. This is the reason why in
expression (4.48) the summation over Feynman diagrams D is displayed explicitly. Using
the decompositions (4.15) and (4.20) one can rewrite the combination of correlators as
follows

Σ(p1,p2,k1,k2) =
∑

b,c,d

Tr
{
Φ(qb→cd)(x1,p1T ) Φ

(qb→cd)
b (x2,p2T )

× Σ̂qb→cd ∆
(qb→cd)
c (z1,k1T ) ∆

(qb→cd)
d (z2,k2T )

}

+
∑

b,c,d

Tr
{
πΦ

(qb→cd)
G (x1,p1T ) Φ

(qb→cd)
b (x2,p2T )

× Σ̂[q]b→cd ∆
(qb→cd)
c (z1,k1T ) ∆

(qb→cd)
d (z2,k2T )

}

+ · · · , (4.49)

where the summation over Feynman diagrams is now contained in the hard functions

Σ̂ab→cd =
∑

D
H(p1,p2,k1,k2) H∗(p1,p2,k1,k2) , (4.50a)

Σ̂[a]b→cd =
∑

D
C[D]

G (a) H(p1,p2,k1,k2) H∗(p1,p2,k1,k2) . (4.50b)

For definiteness parton a was taken to be a quark in the terms that have been given
explicitly in (4.49). For the other partons we have used the first term in the decom-
positions (4.15) and (4.20). The “ + · · · ” contains the other combinations of terms in
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these decompositions and the contributions where a corresponds to a gluon. Inserting
the parametrizations of the TMD correlators and performing the appropriate traces, the
hard functions in (4.50a) and in (4.50b) will reduce to the partonic (2.66) and gluonic
pole (2.65) cross sections, respectively. In view of the properties in expression (4.16)
and (4.22) all terms that contain the matrix elements Φ

(ab→cd)
G or Γ

(ab→cd)
G f /d

will vanish upon
integration over the intrinsic transverse momenta:

Σ(x1, x2, z1, z2, y) =

∫
d2p1T d2p2T d2k1T d2k2T Σ(p1,p2,k1,k2)

=
∑

partons

Tr
{
Φa(x1)Φb(x2) Σ̂ab→cd ∆c(z1)∆d(z2)

}
, (4.51)

which only involves universal collinear matrix elements. This situation is realized in the
integrated hadronic cross section

∫
dφ2

dσh1h2

dφ2
=

dx1⊥ dx2⊥ dη1 dη2

32π s
dφ1

2π

∫
dx⊥
x⊥

Σ(x1, x2, z1, z2, y) . (4.52)

It can be expressed in terms of parton distribution and fragmentation functions by insert-
ing the parametrizations of the collinear correlators, equations (2.42), (2.45) and (2.47c):

Σ(x1,x2,z1,z2,y)
32π s

=
∑

(anti)quark
flavors

{
f1(x1) f1(x2)

ŝ
2

dσ̂q1q2→q3q4

dt̂
D1(z1) D1(z2) (4.53a)

+ f1(x1) G(x2)
ŝ
2

dσ̂qg→qg

dt̂
D1(z1) Ĝ(z2) +

(
K1↔K2

)
(4.53b)

+G(x1) f1(x2)
ŝ
2

dσ̂gq→gq

dt̂
Ĝ(z1) D1(z2) +

(
K1↔K2

)
(4.53c)

+ f1(x1) f̄1(x2)
ŝ
2

dσ̂qq̄→gg

dt̂
Ĝ(z1) Ĝ(z2) (4.53d)

+G(x1) G(x2)
ŝ
2

dσ̂gg→qq̄

dt̂
D1(z1) D̄1(z2) (4.53e)

+G(x1) G(x2)
ŝ
2

dσ̂gg→gg

dt̂
Ĝ(z1) Ĝ(z2)

}
, (4.53f)

where the summation runs over all quarks and antiquarks (we have suppressed the parton
indices on the distribution and fragmentation functions). With K1↔K2 we denote an
interchange of the final states.

If the expression in (4.49) is weighted over one of the intrinsic transverse momenta
instead of simply integrated over, the gluonic pole cross sections also contribute. For
instance, weighting with the intrinsic transverse momentum of the incoming parton p1
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and assuming that it is a quark, one obtains

Σα1∂(x1,x2,z1,z2,y) =

∫
d2p1T d2p2T d2k1T d2k2T pα1T Σ(p1,p2,k1,k2)

=
∑

partons

Tr
{
Φ̃α
∂ (x1)Φb(x2) Σ̂ab→cd ∆c(z1)∆d(z2)

}

+
∑

partons

Tr
{
πΦα

G(x1,x1)Φb(x2) Σ̂[a]b→cd ∆c(z1)∆d(z2)
}
. (4.54)

Only the gluonic pole terms contribute to single transverse-spin asymmetries (for the
corresponding fragmentation effects both terms can contribute to the spin asymmetries).
When parton a refers to a gluon this expression has three terms: one with the matrix
element Γ̃∂(x1) multiplied by the partonic cross sections and two terms with the matrix
elements πΓ

( f /d)
G (x1,x1) multiplied by the corresponding gluonic pole cross sections. Sim-

ilarly, the functions Σ2∂, Σ1′ ∂ and Σ2′ ∂ are obtained by weighting with the intrinsic trans-
verse momenta of the incoming parton p2 and outgoing partons k1 and k2, respectively.
These terms typically appear in weighted spin-asymmetries. For instance, from the delta
function in expression (4.47) it is seen that sin(δ) can be used to construct cross sections
that are weighted with the projection of the intrinsic transverse momentum qT along the
direction e1N :

∫
dφ2

1
2 sin(δ)

dσh1h2

dφ2

= −dx1⊥ dx2⊥ dη1 dη2

32 π s
√

s
dφ1

2π

∫
dx⊥
x2
⊥

e1N · (Σ1∂+Σ2∂−Σ1′ ∂−Σ2′ ∂
)
.

(4.55)

Also this cross section can be expressed in terms of the parton distribution and frag-
mentation functions by using the parametrizations of the soft correlators as given in
equations (2.62), (4.9) and (4.12). For the process H↑1 H2→h1h2X one obtains (a factor
cos(φ1−φS ) has symbolically been divided out)

−e1N · Σ1 ∂(x1,x2,z1,z2,y)
32π s M1 cos(φ1−φS )

=
∑

(anti)quark
flavors

{
f⊥(1)
1T (x1) f1(x2)

ŝ
2

dσ̂[q1]q2→q3q4

dt̂
D1(z1) D1(z2) (4.56a)

+ f⊥(1)
1T (x1) G(x2)

ŝ
2

dσ̂[q]g→qg

dt̂
D1(z1) Ĝ(z2) +

(
K1↔K2

)
(4.56b)

+ f⊥(1)
1T (x1) f̄1(x2)

ŝ
2

dσ̂[q]q̄→gg

dt̂
Ĝ(z1) Ĝ(z2) (4.56c)

+G( f )
T

(1)(x1) f1(x2)
ŝ
2

dσ̂( f )
[g]q→gq

dt̂
Ĝ(z1) D1(z2) +

(
K1↔K2

)
(4.56d)

+G(d)
T

(1)(x1) f1(x2)
ŝ
2

dσ̂(d)
[g]q→gq

dt̂
Ĝ(z1) D1(z2) +

(
K1↔K2

)
(4.56e)
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+G( f )
T

(1)(x1) G(x2)
ŝ
2

dσ̂( f )
[g]g→qq̄

dt̂
D1(z1) D̄1(z2) (4.56f)

+G(d)
T

(1)(x1) G(x2)
ŝ
2

dσ̂(d)
[g]g→qq̄

dt̂
D1(z1) D̄1(z2) (4.56g)

+G( f )
T

(1)(x1) G(x2)
ŝ
2

dσ̂( f )
[g]g→gg

dt̂
Ĝ(z1) Ĝ(z2) (4.56h)

+G(d)
T

(1)(x1) G(x2)
ŝ
2

dσ̂(d)
[g]g→gg

dt̂
Ĝ(z1) Ĝ(z2)

}
, (4.56i)

−e1N · Σ2 ∂(x1,x2,z1,z2,y)
32π s M2 cos(φ1−φS )

=
∑

(anti)quark
flavors

{
h1(x1) h⊥(1)

1 (x2)
ŝ
2

d∆σ̂q↑1[q↑2]→q3q4

dt̂
D1(z1) D1(z2) (4.57a)

+h1(x1) h̄⊥(1)
1 (x2)

ŝ
2

d∆σ̂q↑[q̄↑]→gg

dt̂
Ĝ(z1) Ĝ(z2)

}
, (4.57b)

−e1N · Σ1′ ∂(x1,x2,z1,z2,y)
32π s Mh1 cos(φ1−φS )

=
∑

(anti)quark
flavors

{
h1(x1) f1(x2)

ŝ
2

d∆σ̂q↑1q2→q↑3q4

dt̂
H⊥(1)

1 (z1) D1(z2) (4.58a)

+h1(x1) f1(x2)
ŝ
2

d∆σ̂q↑1q2→[q↑3]q4

dt̂
H̃⊥(1)

1 (z1) D1(z2) (4.58b)

+h1(x1) G(x2)
ŝ
2

d∆σ̂q↑g→q↑g

dt̂
H⊥(1)

1 (z1) Ĝ(z2) (4.58c)

+h1(x1) G(x2)
ŝ
2

d∆σ̂q↑g→[q↑]g

dt̂
H̃⊥(1)

1 (z1) Ĝ(z2)
}
. (4.58d)

For this process (H↑1 H2→h1h2X) the contraction e1N ·Σ2′ ∂ is obtained from e1N ·Σ1′ ∂ by
interchanging the role of the outgoing hadrons. The gluonic pole scattering cross sections
that appear in these expressions can be read from the tables in appendix C, either directly
or indirectly by using the symmetry relations described in section 4.2. In equations (4.53)
and (4.56)-(4.58) the momentum fractions are fixed by the delta function for momen-
tum conservation (4.44). That is, x1 = 1

2 x⊥(eη1+eη2 ), x2 = 1
2 x⊥(e−η1+e−η2 ), z1 = x1⊥/x⊥ and

z2 = x2⊥/x⊥. Hence, in the hadronic cross sections (4.52) and (4.55) the distribution and
fragmentation functions appear convoluted in the scaled perpendicular momentum x⊥.
The corresponding cross section for back-to-back jet production p↑p→ j1 j2X can simply
be obtained from the expressions given above by taking for the unpolarized fragmenta-
tion functions D1(zi)=Ĝ(zi)=δ(zi−1)= x⊥δ(xi⊥−x⊥) and by setting all other fragmenta-
tion functions to zero. With these substitutions the distribution functions are no longer
convoluted in the scaled momentum fraction [23].
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The results in (4.56)-(4.58) explicitly demonstrate that, through the Wilson lines in
TMD distribution and fragmentation functions, the effect of the gluonic initial and final
state interactions is that weighted spin asymmetries can be written as products of uni-
versal and collinear distribution and fragmentation functions with the gluonic pole cross
sections (2.65) as the hard functions. By using the decompositions (4.15) and (4.20) for
the transverse momentum dependent correlators, it was observed in (4.49)-(4.50) that the
gluonic pole cross sections also appear in the unintegrated, unweighted hadronic cross
section. This conclusion is consistent with the work in refs. [127, 128], where a TMD
factorization formula for the quark-Sivers contribution to single transverse-spin asymme-
tries in dijet production is proposed with the gluonic pole cross sections as hard functions.
However, that reference only contains the distribution functions measured in SIDIS, i.e.
transverse momentum dependent distribution functions with a future pointing Wilson line
in the hadronic matrix elements defining them. In contrast, expression (4.49) involves
correlators that contain process dependent Wilson lines in their definitions. Once again
we mention that the appearance of different Wilson lines does not necessarily imply that
the TMD distribution functions are also different (cf. the relation between the TMD distri-
bution functions in SIDIS and Drell-Yan scattering). Indeed, the work in refs. [127,128]
and the gauge link approach used here are consistent if, regardless of the appearance
of process dependent Wilson lines in their definitions, the TMD matrix elements on the
r.h.s. of the decomposition in (4.15) are identical for all partonic channels in dijet produc-
tion pp→ j jX and equal those in semi-inclusive deep inelastic scattering. That is, if all
universality-breaking matrix elements vanish (see section 4.1.2), which would effectively
correspond to the situation suggested in relation (2.68). However, this situation has re-
cently been disputed in ref. [129], where it is argued that a TMD factorization theorem
for this process with universal distribution functions is not possible (that is, the TMD
matrix elements in expression (4.49) cannot be related to one another in a simple way).
This discussion illustrates the rapid pace at which this topic evolves. An important point
that will need to be clarified by future studies is how exactly to relate the approaches of
refs. [127–129] and the gauge link approach employed in this thesis. In particular the soft
factors which have been neglected here might play an important role in such a study.

4.3.3 Phenomenology

As has been argued, the inclusion of all gluonic initial and final state interactions that
are required to have non-vanishing single-spin asymmetries, at the same time lead to the
conclusion that in weighted azimuthal spin asymmetries the T -odd parton distribution
and fragmentation functions appear convoluted with gluonic pole cross sections rather
than the usual partonic scattering cross sections. This is a prediction that is intrinsic to
QCD. Its experimental verification would be strong support our current understanding
of the formalism for generating single-spin asymmetries. The ‘cleanest’ way to test this
prediction would be by comparing single-spin asymmetries in SIDIS and the Drell-Yan
processes. In these processes the gluonic pole and partonic scattering cross sections are
simply proportional to each other, with a plus and minus sign as proportionality factor,
respectively. Correspondingly, the Sivers function appears with opposite signs in the
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SSA’s in SIDIS and Drell-Yan scattering, cf. (2.56). At the time of writing convincing
experimental evidence for this relative sign difference is still lacking. This is mostly due
to low statistics on the part of single-spin asymmetries in the Drell-Yan process, where
the electromagnetic interactions lead to a suppression of lepton-antilepton pair production
compared to hadronic final states.

In back-to-back pion or jet production in proton-proton scattering the gluonic pole and
partonic scattering cross sections are, in general, not simply proportional to each other.
This can for instance be seen from Figure 4.3 where they are compared for several partonic
subprocesses. Also, in back-to-back hadro-production many gluonic pole cross sections
contribute and each of them is weighted with a different combination of distribution and
fragmentation functions. The different contributions are then added and integrated over
phase-space. All these observations make it more challenging to make clear and distinc-
tive predictions about the effects of the initial and final state interactions or the gluonic
pole cross sections in these processes. In this section we will make some first quantitative
studies of back-to-back jet production and in the next section of photon-jet production
in proton-proton scattering. These predictions rely on the tree-level treatment as pre-
sented in previous sections and could be improved in future studies by taking the effects
of renormalization, scale dependence and soft factors into account. However, as long as
convincing measurements of spin asymmetries in the Drell-Yan process are lacking, the
jet-jet and photon-jet production processes studied here might serve as alternative observ-
ables for establishing the theoretical framework of generating spin-asymmetries through
soft gluonic interactions.

In this section we will consider azimuthal correlations in back-to-back jet production
with the kinematics chosen to match the current RHIC experiments. In 2006 dijet mea-
surements have been performed with the STAR detector at RHIC [154,155]. In ref. [152]
it was suggested that the Sivers effect can give rise to azimuthal jet correlations in po-
larized proton-proton scattering. Theoretical predictions for such azimuthal asymmetries
were made in ref. [156] neglecting the Boer-Mulders and the gluon-Sivers effect and using
parametrizations for the quark-Sivers functions extracted from HERMES data [122]. The
recent measurements collected by the STAR collaboration undershoot these predictions,
see Figure 4.6. These findings emphasize the challenge to simultaneously account for
the sizeable single-spin asymmetries observed in SIDIS [122] and the small asymmetries
found in the dijet case [154]. However, the treatment in ref. [156] did not yet take all soft
gluon interactions into account. Using the gluonic pole cross sections all these effects can
now be accounted for [24].

In this process the momenta of the outgoing partons correspond to the jet momenta,
i.e. z1 =z2 =1. We consider the situation that the sum of the perpendicular components of
the back-to-back jets, r⊥= K1⊥+K2⊥, is much smaller than the scale of the perpendicular
components of the individual jets. In this case one has |K1⊥|≈ |K2⊥|≡P⊥ at leading twist
and we will use this approximation whenever possible. To facilitate a comparison with
refs. [24,156] we will in this section adopt the notation of those papers. In particular this
implies expressing the cross section in terms of the variables P⊥ and r⊥ and decomposing
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Figure 4.6: Measurements of the dijet SSA as presented [154] by the STAR collaboration
at the SPIN2006 conference in Japan. In the region η1+η2&2 the A+z

N (A−z
N ) with the po-

larized beam heading toward the +z(−z) direction in the geometry of the STAR detector,
preferentially probe quark(gluon) Sivers functions [154, 155]. The data is compared to
two model predictions for the dijet asymmetry. For the quark-Sivers half-moments these
predictions make use of Model I (VY1) and Model II (VY2) from ref. [157] and contain
minus the partonic cross sections as hard functions (that is, only initial-state interactions
were taken into account). In addition, the signs of the model predictions were reversed to
obey the Madison conventions, see ref. [154] for further details.

it in a spin independent and spin-dependent part:

dσ
dη1 dη2 d2r⊥ dP2

⊥ dφ1

=
dσUU

dη1 dη2 d2r⊥ dP2
⊥ dφ1

+ P̂1· (S⊥× r̂⊥)
dσTU

dη1 dη2 d2r⊥ dP2
⊥ dφ1

,

(4.59)

with r̂⊥= r⊥/|r⊥| and |r⊥|≈P⊥ | sin(δ) |. We note that since the jets are almost back-to-back,
the direction of r⊥ is approximately given by the so-called bisector angle φb = 1

2 (φ1+φ2)
and, hence, that the angular dependence of the spin-dependent term of the cross section
is sin(φb−φS )≈ cos(φ1−φS ). The single-spin asymmetry we are after is the ratio of the
integrated spin-independent cross section

〈1 〉UU ≡
∫

d2r⊥
dσUU

dη1 dη2 d2r⊥ dP2
⊥ dφ1

, (4.60a)

and the sin(δ)-moment of the spin dependent cross section

〈 2P⊥ sin(δ)
M1

〉
TU
≡

∫
d2r⊥

|r⊥|
M1

dσTU

dη1 dη2 d2r⊥ dP2
⊥ dφ1

, (4.60b)
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(within our approximations this is the coefficient of cos(φ1−φS ) in the 2P⊥sin(δ)/M1 mo-
ment of the full cross section dσ, the azimuthal moment calculated in section 4.3.2). The
expression of the SSA in terms of parton distribution functions can be obtained from the
two-hadron inclusive case, equations (4.52)-(4.58), by replacing the unpolarized quark
and gluon fragmentation functions D1(zi) and Ĝ(zi) with δ(zi−1)= x⊥δ(xi⊥−x⊥) and by
setting all other fragmentation functions to zero. As was done in refs. [24, 156] we will
focus on the quark-Sivers contributions and neglect the gluon-Sivers and Boer-Mulders
effects. With these simplifications the single-spin asymmetry that we consider becomes

∫
〈2P⊥ sin(δ)/M1 〉TU∫

〈1 〉UU
= 2 ·

∫ ∑
x1 f q⊥(1)

1T (x1) x2 fb(x2) dσ̂[q]b→cd∫ ∑
x1 fa(x1) x2 fb(x2) dσ̂ab→cd

. (4.61)

As indicated by the integral signs the numerator and denominator of this expression
are separately integrated over the kinematics of the experiments at RHIC. That is, both
pseudo-rapidities are integrated over the ranges covered by the STAR detectors [154], i.e.
−16ηi62, while keeping their sum η1+η2 fixed. We integrate over the full azimuthal an-
gle φ1 and the perpendicular momentum is integrated over the region 5GeV6P⊥610GeV.
The summations in (4.61) run over the valence quarks for q and all parton types for a-d.
The distribution function fa,b(x) in (4.61) is the unpolarized quark f1(x) or gluon G(x)
distribution function, depending on the type of parton a or b. For the quark-Sivers func-
tions we use the FIT I parametrizations recently presented in ref. [144] (in fact, it are the
Qiu-Sterman matrix elements (2.50) that are parametrized in ref. [144], which we will
relate to the first moment of the quark-Sivers effect through expression (2.57)). These
were obtained by fitting to AN data for single transverse-spin asymmetries in one-hadron
inclusive processes at the E704 [87,88,90], STAR [151,158] and BRAHMS [159] exper-
iments, assuming that those are completely generated by the valence quark Sivers effect
(the same assumption that we have also made in (4.61) for the dijet production process).
The parametrizations are

−2M f u3 ⊥ (1)
1T (x) = gT u3

F (x) = 0.275 x0.508(1−x)0.399 u3(x) , (4.62a)

−2M f d3 ⊥ (1)
1T (x) = gT d3

F (x) = −0.365 x−0.108(1−x)0.287 d3(x) , (4.62b)

where u3= f u3
1 and d3= f d3

1 are the unpolarized valence up and down quark distribution
functions. For the unpolarized distribution functions in (4.61) and (4.62) the CTEQ5L
parametrizations [147] are used. In particular, the model in expression (4.62) implies the
same dependence on the factorization scale for the Qiu-Sterman matrix elements and the
unpolarized distribution functions (for the first moment of the Sivers functions this is still a
common feature of most experimental parametrizations). There is room for improvement
in this respect but, in the hope that it is a reasonable assumption in the kinematical region
considered, we will use these parametrizations here on account of their simplicity. For
the hard scale in the distribution functions and the strong coupling constant we use P⊥.
The resulting weighted single-spin asymmetry is plotted in Figure 4.7. The Figure also
displays the results for the single-spin asymmetry when plus or minus the usual partonic
cross sections are used instead of the gluonic pole cross sections for the hard functions
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Figure 4.7: Solid lines: The weighted single transverse-spin asymmetry (4.61) for dijet-
correlations in p↑p→ j jX scattering at RHIC as a function of the sum of the jet pseudo-rapidities.
The jet transverse momenta and pseudo-rapidities are integrated over the indicated ranges. The
left panel includes the individual contributions from the u-quark (dashed line) and d-quark (dot-
ted line) Qiu-Sterman matrix elements. The right panel includes the results that are obtained if
in the numerator of the moment (4.61) the usual partonic cross sections with a plus (upper curve)
or minus (lower curve) overall sign are used instead of the gluonic pole cross sections.

in the numerator of (4.61). This corresponds to the situation in SIDIS and Drell-Yan
scattering, respectively. As is seen from Figure 4.7 the QCD result (using gluonic pole
cross sections) over most of the kinematical region is about half the size of the result of
the ‘generalized parton model’ (which uses partonic cross sections only). This, then, is
the consequence of the competing effects of the gluonic initial and final-state interactions.
In the kinematical regime considered here the dominant contribution to the SSA portrayed
in the Figures is the quark-gluon scattering channel qg→qg.

In ref. [24] also the sign(δ)-moment is studied:

〈sign(δ) 〉TU ≡
∫

d2r⊥ sign(δ)
dσTU

dη1 dη2 d2r⊥ dP2
⊥ dφ1

. (4.63)

A single-spin asymmetry is obtained by dividing this moment with the unpolarized cross
section (4.60a). The advantage of this SSA over the one in (4.61) is that it does not
contain the jet perpendicular momentum P⊥, which may be an advantage for experimental
measurements when the jet energy scale is not precisely known. This SSA involves the
1
2 -moment of the Sivers function:

q(1/2)
T (x) =

∫
d2pT

|pT |
M

f⊥1T (x,p2
T )

⌋
SIDIS , (4.64)

where the TMD Sivers function is the one encountered in SIDIS containing the future-
pointing Wilson line in its definition. Since the procedure outlined in section 4.1.1 ap-
plies in particular to the first moments of the T -odd parton distribution and fragmenta-
tion functions (i.e. for gluonic pole matrix elements), it is not a priori obvious that the
half-moments of the TMD Sivers functions can be related by the gluonic pole strengths.
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Figure 4.8: Same as in Figure 4.7, but for the SSA defined in (4.65). In particular, the lower
curve in the right panel, which in the numerator of the dijet SSA involves minus the partonic
cross sections instead of the gluonic pole cross sections, corresponds to the VY2 model for A+z

N
in Figure 4.6 after a sign-reversal to adhere to the Madison convention.

Correspondingly, it has not yet been established that the SSA in (4.63) can be written as
a convolution of the Sivers half-moment with universal T -even distribution functions and
the gluonic pole cross sections given in appendix C. However, inspired by the discussion
in section 4.1.2 and in the light of the factorization formula proposed in refs. [127,128] we
will assume that this is the case, as was done in ref. [24]. Again neglecting contributions
from gluon-Sivers and the Boer-Mulders effects the SSA is, then, assumed to be given by

∫
〈sign(δ) 〉TU∫
〈1 〉UU

=

∫ ∑
x1 q (1/2)

T (x1) x2 fb(x2) dσ̂[q]b→cd∫ ∑
x1 fa(x1) x2 fb(x2) dσ̂ab→cd

, (4.65)

where the integration regions are as in (4.61). In obtaining expression (4.65) the additional
assumption was made that the only relevant dependence on intrinsic transverse momenta
is contained in the Sivers functions [24,156]. For the quark-Sivers half-moments we will
use the parametrizations in Model II of ref. [157]:

u (1/2)
T (x) = −0.75 x(1−x)u(x) , d (1/2)

T (x) = 2.76 x(1−x)d(x) , (4.66)

which includes also non-valence quarks and is obtained by fitting to HERMES data [122].
The resulting SSA is depicted in Figure 4.8. The parametrizations in (4.66) were used in
the model VY2 predictions in Figure 4.6 (and 4.9). The VY1 models in those Figures
differ from the one in (4.66) in relating the down-quark Sivers half-moment to the up
quark unpolarized distribution function [156,157].

As for the sin(δ)-moment, the sign(δ)-moment is seen to be reduced by about a fac-
tor two when using the gluonic pole cross sections instead of the usual partonic cross
sections as hard functions in the weighted asymmetries. This, then, is the result of the
competing effects of the initial and final-state gauge interactions in the QCD treatment of
dijet production in proton-proton scattering. With the reduction due to the soft gluonic in-
teractions the experimental measurements and the theoretical models are reconciled [155],
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Figure 4.9: STAR data [155] for the unweighted (upper panel) and weighted (lower panel)
dijet SSA. These are compared to the theory predictions in Figure 4.8 (upper panel) and
Figure 4.7 (lower panel), which make use of the gluonic pole cross sections to account for
the competing effects of gluonic initial (ISI) and final-state (FSI) interactions. The signs of
the theory results were reversed to obey the Madison convention and the weighted asym-
metries in the lower panel have been divided by the average (sine of the) dijet opening
angle 〈 |sin ζ | 〉= 0.33, see ref. [155] for further details.

see Figure 4.9. However, the experimental measurements are at the same time consistent
with vanishing SSA within two standard deviations [155], while the theory predictions
rely on a strong cancellation of the up and down quark contributions, cf. the left panels
of Figures 4.7 and 4.8. More measurements to increase statistics and to untangle flavor
dependence, in concurrence with more elaborate theoretical studies, would therefore be
welcome. The theory results presented here can be improved in the future by, e.g., includ-
ing more sophisticated parametrizations for the Qiu-Sterman matrix elements or by in-
cluding the effects of non-valence quarks, the Boer-Mulders and the gluon-Sivers effects,
as parametrizations for these effects become available. In particular the gluon-Sivers ef-
fect might give an important contribution to the asymmetry at central rapidities [152]. It
is hoped that the difference between the curves in the figures will persist in such more
elaborate studies. By experimentally discriminating between the different curves in Fig-
ures 4.7 and 4.8 one can, then, test our understanding of the theoretical framework for
generating single-spin asymmetries through soft gauge interactions.

4.4 Hadronic Photon-Jet Production

Apart from the processes considered in the previous section, there is another final state in
proton-proton scattering that deserves special attention, viz, direct photon and jet produc-
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tion. With “direct photon” we refer to a photon that originates from the hard scattering
rather than from a hadronic decay process. Whereas the hard functions in back-to-back
jet production are proportional to α2

S at tree-level, the hard functions in direct photon and
jet production involve an electromagnetic interaction and are proportional to ααS . This
leads to a suppression of direct photon production as compared to the dijet final state.
Correspondingly, the statistical uncertainty for direct photon production is larger than for
dijet production. However, as the luminosities of experiments such as at RHIC increase,
it might become a process that is well suited to test theoretical predictions for single-spin
asymmetries.

The main reason why it is interesting to consider direct photon and jet production
in our case is its relative simplicity compared to the dijet process. This will allow us to
define a single-spin asymmetry where the difference between the full color gauge invariant
treatment (making use of gluonic pole cross sections) and the ‘generalized parton model’
(making use of partonic cross sections only) is more pronounced than in the dijet case. By
comparing the two predictions to the experiment, for instance at RHIC, one has a test of
our understanding of the underlying physics that is equally legitimate as the measurement
of the sign of the SSA in Drell-Yan scattering.

The reason for the relative simplicity of direct photon production is twofold. First of
all, there are much less partonic processes that contribute than in dijet production. The
possible partonic channels are quark-gluon compton scattering and quark-antiquark anni-
hilation. Each of these processes involves four cut diagrams, see Figure 3.9. The other
simplifying feature of photo-production is that all the cut diagrams for the process qg→γq
(upper part of Figure 3.9) have the same color-flow structure and similarly for each dia-
gram for the process qq̄→γg (lower part of Figure 3.9). Since the Wilson line structure
is completely fixed by the color-flow through the hard function to which it couples, this
means that every cut diagram for the process qg→γq appears convoluted with the same
set of transverse momentum dependent parton correlators. The same is true for the pro-
cess qq̄→γg, see Figure 3.9. For the collinear correlators this implies that all Feynman
diagrams for qg→γq have the same gluonic pole strengths associated to it (and, again, the
same holds for qq̄→γg, see Tables B.4 and B.5). But most importantly, it implies that the
gluonic pole cross sections are simply proportional to the partonic cross sections. In fact,
using just basic physical arguments one can make a good prediction for what to expect.
Since the gluon is a much better color-conductor than the quark, in qq̄→γg scattering the
color will in the large-N limit flow from the initial quark and through the gluon into the
final state, as is the case in SIDIS. On the other hand, in qg→γq scattering the color will
in the large-N limit flow from the initial quark and through the gluon back into the initial
state, as is the case in Drell-Yan scattering. Correspondingly, it is to be expected that
the gluonic pole cross section that will appear convoluted with the quark-Sivers function
is proportional to plus the partonic cross section in qq̄→γg scattering and proportional
to minus the partonic cross section in qg→γq scattering (cf. (2.56)). The proportionality
factors are the gluonic pole strengths in Tables B.4 and B.5, confirming the expectation
based on the simple color-flow arguments presented above. If it is possible to choose the
kinematical region in photon-jet production such that the partonic process qg→γq dom-
inates and the quark-Sivers effect is the most important T -odd effect, then it might be
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hoped that the color gauge invariant treatment will predict a single-spin asymmetry that
has opposite sign compared to the result of the generalized parton model.

The unpolarized and transversally polarized partonic cross sections (see (2.65)-(2.67)
for their definitions) encountered in photo-production are

dσ̂qq̄→γg

dt̂
=

2πααS e2
q TF

ŝ2

N2−1
N2

( t̂
û

+
û
t̂

)
, (4.67a)

dσ̂qg→γq

dt̂
= −2πααS e2

q TF

ŝ2

1
N

( ŝ
t̂
+

t̂
ŝ

)
, (4.67b)

dσ̂gq→γq

dt̂
= −2πααS e2

q TF

ŝ2

1
N

( ŝ
û

+
û
ŝ

)
, (4.67c)

d∆σ̂q↑q̄↑→γg

dt̂
= −2πααS e2

q TF

ŝ2

N2−1
N2 2 , (4.67d)

d∆σ̂q↑g→γq↑

dt̂
=

d∆σ̂gq↑→γq↑

dt̂
=

2πααS e2
q TF

ŝ2

1
N

2 . (4.67e)

The cross sections in (4.67e) do not contribute to photon-jet production, but can for in-
stance give a contribution to photon-pion production. They have been included here for
completeness. The gluonic pole cross sections are straightforwardly obtained from these
by multiplying with the gluonic pole strengths. Explicitly one has for the spin averaged
cross sections

dσ̂[q]q̄→γg

dt̂
=

N2+1
N2−1

dσ̂qq̄→γg

dt̂
,

dσ̂q[q̄]→γg

dt̂
=

N2+1
N2−1

dσ̂qq̄→γg

dt̂
, (4.68a)

dσ̂[q]g→γq

dt̂
= −N2+1

N2−1
dσ̂qg→γq

dt̂
,

dσ̂qg→γ[q]

dt̂
= −dσ̂qg→γq

dt̂
, (4.68b)

dσ̂g[q]→γq

dt̂
= −N2+1

N2−1
dσ̂gq→γq

dt̂
,

dσ̂gq→γ[q]

dt̂
= −dσ̂gq→γq

dt̂
, (4.68c)

dσ̂( f )
qq̄→γ[g]

dt̂
= −dσ̂qq̄→γg

dt̂
,

dσ̂(d)
qq̄→γ[g]

dt̂
= 0 , (4.68d)

dσ̂( f )
q[g]→γq

dt̂
= 0 ,

dσ̂(d)
q[g]→γq

dt̂
=

dσ̂qg→γq

dt̂
, (4.68e)

dσ̂( f )
[g]q→γq

dt̂
= 0 ,

dσ̂(d)
[g]q→γq

dt̂
=

dσ̂gq→γq

dt̂
. (4.68f)

The same relations hold between the polarized cross sections. The minus sign in the first
expression of (4.68b) is the one referred to in the previous paragraph. The other hard
functions that contribute to the Sivers effect in p↑p→γ j are the first expression in (4.68a)
(quark-Sivers effect) and the expression in (4.68f) (gluon-Sivers effect). In contrast to the
first two expressions, the last one has no poles near y=0, as can be seen from (4.67a)-
(4.67c) and by remembering that y=−t̂/ŝ and 1−y=−û/ŝ. Hence, in the kinematical
region where the variable y= (eηγ−η j+1)−1 is small the hard function for the gluon-Sivers
effect is suppressed compared to the hard functions of the quark-Sivers effect.
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The kinematics of the photon-jet process can be copied from the back-to-back pion
production process, section 4.3.1, with the obvious notational adaptations, i.e. K1→Kγ,
K2→K j etc. The azimuthal moment that we will consider is

Mγ j
N = −

∫
dφγ dφj

2 |Kγ⊥ |
M1

sin(δ) cos(φγ) dσ
dφγ dφj∫

dφγ dφj
dσ

dφγ dφj

. (4.69)

The minus sign is to account for the different definitions of the angle δ=π−(φj−φγ) and
the angle δφ=−δ used in ref. [25]. By comparing to (4.52)-(4.57) the expression in terms
of distribution functions is found

Mγ j
N = − 1

M1

∫
x⊥

{
Σ1∂(x1,x2,y) + Σ2∂(x1,x2,y)

}
∫

x⊥ Σ(x1,x2,y)
, (4.70)

where the integral signs indicate integrations over the scaled perpendicular variable x⊥
and the jet pseudo-rapidity over the region as will be specified below. We have used the
shorthand notations

Σ(x1,x2,y)

=
∑

q

{
f1(x1) f̄1(x2)

ŝ
2

dσ̂qq̄→γg

dt̂

+ f1(x1) G(x2)
ŝ
2

dσ̂qg→γq

dt̂
+ G(x1) f1(x2)

ŝ
2

dσ̂gq→γq

dt̂

}
, (4.71)

Σ1∂(x1,x2,y)

= M1

∑

q

{
f⊥(1)
1T (x1) f̄1(x2)

ŝ
2

dσ̂[q]q̄→γg

dt̂
+ f⊥(1)

1T (x1) G(x2)
ŝ
2

dσ̂[q]g→γq

dt̂

+G( f )
T

(1)(x1) f1(x2)
ŝ
2

dσ̂( f )
[g]q→γq

dt̂
+ G(d)

T
(1)(x1) f1(x2)

ŝ
2

dσ̂(d)
[g]q→γq

dt̂

}
, (4.72)

and

Σ2∂(x1,x2,y) = M2

∑

q

h1(x1) h̄⊥(1)
1 (x2)

ŝ
2

d∆σ̂q↑[q̄↑]→γg

dt̂
. (4.73)

The summations run over all quark and antiquark flavors. The momentum fractions are
given in terms of the external variables by x1 = 1

2 x⊥(eηγ+eη j ) and x2 = 1
2 x⊥(e−ηγ+e−η j ).

To formulate a rudimentary expectation for the sign of the azimuthal moment Mγ j
N ,

the reasoning presented in ref. [25] will be reproduced here. It is assumed that in the
high-x1 region the sea-quark contributions from the polarized proton can be neglected,
while for the unpolarized proton the distributions of up and down antiquarks are identified
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Figure 4.10: Shape of the second term in (4.74) at x2 =0.01 [25]. For the distri-
bution functions the GRV98LO parametrizations were used at ŝ=200 GeV2.

f̄ ū
1 ≈ f̄ d̄

1 ≡ f̄ q̄
1 (symmetric-sea scenario). Furthermore, the Boer-Mulders and the gluon-

Sivers effects are neglected. With these approximations the azimuthal moment becomes

Mγ j
N ≈ −

5
4

4 f⊥(1) u
1T (x1)+ f⊥(1) d

1T (x1)

4 f u
1 (x1)+ f d

1 (x1)

f̄ q̄
1 (x2) (1−2y+2y2)− 3

8G(x2) (1−y)(1+y2)

f̄ q̄
1 (x2) (1−2y+2y2)+ 3

8G(x2) (1−y)(1+y2)
. (4.74)

Parametrizations of the quark-Sivers functions based on experimental data seem to indi-
cate that the up and down Sivers functions are comparable in magnitude and opposite in
sign, the up-quark Sivers function being negative, see e.g. [95,136,144,160]. Therefore,
the first term in (4.74) containing the quark-Sivers functions is likely to be negative. The
second term is plotted in Figure 4.10 for x2 =0.01. Its behavior is similar for any other
value of x2. Hence, in most of the kinematical region (in particular for low values of y),
also the second term of (4.74) is negative, due to the minus sign in front of the gluon
distribution function. This sign originates from the minus sign in the first gluonic pole
cross section in (4.68b). If the usual partonic cross sections are used in the azimuthal mo-
ment instead of the gluonic pole cross sections, this becomes a plus sign and the second
term in (4.74) is unity (and the factor 5

4 will be absent). Hence, in the generalized parton
model the azimuthal moment is anticipated to be positive. The effect of the initial and
final-state interactions, embodied by the gluonic pole cross sections, is to change this sign
to negative values for the azimuthal moment.

We will now consider in which kinematical region this expectation is most likely to
hold. First of all we choose the pseudo-rapidities such that low values of y=1/(eηγ−η j+1)
are probed, so that the hard function in the gluon-Sivers effect is suppressed compared
to the hard functions in the quark-Sivers effect. Also, to have sizeable quark-Sivers
functions it is best to have reasonably high values for x1. These requirements are sat-
isfied in the kinematical region of small or negative jet pseudo-rapidities and large pho-
ton pseudo-rapidities. In accordance with this we plot the quark-Sivers contribution to
the azimuthal moment (4.69) with the numerator and denominator integrated over the jet
pseudo-rapidity range −16η j60. The scaled perpendicular variable is integrated between
0.026 x⊥60.05 (i.e. 2 GeV6 |Kγ⊥|65 GeV at RHIC kinematics,

√
s =200 GeV), see Fig-

ure 4.11. Only up and down quark-Sivers functions were taken into account, making use
of the parametrizations for these functions that were obtained in ref. [136] by fitting to
HERMES [122] and COMPASS [121] data. For the unpolarized distribution functions
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Figure 4.11: Solid line: up and down quark-Sivers contribution to the azimuthal moment Mγ j
N

at
√

s=200 GeV. Dashed line: same as for the solid line, but making use of partonic cross
sections only. Dotted line: upper bound for the absolute value of the gluon-Sivers contribution.
Dash-dotted line: upper bound for the absolute value of the Boer-Mulders contribution.

the GRV98LO [146] parametrizations were used at the scale ŝ= x1x2s. The Figure also
displays upper bounds for the absolute values of the gluon-Sivers and Boer-Mulders con-
tributions. The upper bound for the Boer-Mulders effect was obtained by saturating the
positivity bound derived in ref. [161]

∣∣∣ h̄⊥(1)
1 (x)

∣∣∣ 6
∫

d2pT
|pT |
2M

f̄1(x,p2
T ) ≈ 〈 |pT | 〉

2M
f̄1(x) , (4.75)

where we have taken 〈 |pT | 〉=0.44 GeV for the average transverse momentum [162]. For
the transversity distribution function the Soffer bound |h1(x) |6 1

2 f1(x)+ 1
2 g1(x) was sat-

urated with the polarized distribution functions from ref. [163]. In addition, all quark
flavors were added constructively. For the gluon-Sivers function G(d)

T
(1) we have used

the same positivity bound as in (4.75), but with the unpolarized gluon distribution on the
r.h.s. (the f -type function does not contribute, since the hard function that it couples to
vanishes, cf. (4.68f)).

In the Figure also the contribution of the up and down quark-Sivers effect is given
when it is assumed that the Sivers effect is as in SIDIS. This corresponds to the prediction
of the generalized parton model that uses partonic cross sections in expressions (4.72) and
(4.73). It is seen that the results of the generalized parton model and of the gauge invariant
QCD treatment are comparable in size but opposite in sign, as was speculated upon in the
introduction of this section. This implies that in the kinematical regime considered here
the dominant partonic process is quark-gluon compton scattering qg→γq, where in the
large-N limit the color flows from the initial quark and through the gluon back into the
initial state. There the initial-state interactions lead to the sign flip of the spin asymmetry,
as is also the case in Drell-Yan scattering. However, in the qg→γq process the initial-



108 chapter 4: physical processes

state interactions are gluon self-couplings and, hence, the experimental measurement of
the sign flip would test the very non-abelian nature of QCD. From Figure 4.11 it also
follows that the maximal contributions of the gluon-Sivers and the Boer-Mulders effects
are significantly smaller than the contribution of the quark-Sivers effect in the region of
large and positive photon pseudo-rapidities and negative jet pseudo-rapidities. Therefore,
the sign flip due to initial and final-state interactions in the gauge invariant QCD treatment
compared to the generalized parton model seems to be a robust prediction. Experimental
verification of the predicted sign of the azimuthal moment would be a strong confirmation
of our current understanding of the physics underlying the generation of spin-asymmetries
through initial and final-state gauge interactions.

As is seen from Figure 4.11 the azimuthal moment Mγ j
N is modest in size, around 2

to 4 percent. While this is comparable to the size of the single-spin asymmetries in dijet
production in Figures 4.7 and 4.8, the small size in this case is more problematic. The
reason is that photon-jet production has lower statistics than dijet production, due to the
electromagnetic interactions. It might be a challenging task to gather enough statistics to
convincingly establish the sign of an azimuthal asymmetry of several percents. Within the
kinematical regime of the STAR detector the values for the pseudo-rapidities considered
in Figure 4.11 were chosen to maximize the azimuthal asymmetry. An important reason
of the moderate size of the azimuthal moment is that it involves the first moment of the
Sivers function, rather than the full transverse momentum dependent Sivers functions. In
this case the first moments contribute, because we consider a weighted azimuthal moment.
In order to have more sizeable asymmetries it would be interesting for future research to
consider the unweighted single-spin asymmetry, cf. (2.49). These can for instance be
taken with the full TMD Sivers functions as measured in SIDIS and the gluonic pole
cross sections as hard functions. Though it has not rigorously been shown that the single-
spin asymmetry in this process factorizes in that way, it seems like a plausible assumption
that is along the same line as the factorization formula presented in refs. [127,128] for the
similar dijet-production process.

4.5 Summary

For several physical processes we have considered the effects of the complicated gauge
link structures found in the previous chapter. It was seen that the process dependence of
the Wilson lines in TMD correlators has repercussions for collinear correlators as well.
For the transverse momentum integrated correlators the process dependences of the TMD
correlators disappear, but in the transverse moments there remains a process dependence
due to the Wilson lines. There it manifests itself as a process dependent sum of two (in the
case of quarks) or three (in the case of gluons) universal collinear matrix elements. The
subprocess dependent prefactors in this sum are color fractions that generalize the sign
relation of the Sivers effect in SIDIS and Drell-Yan scattering. It was observed that by
absorbing these color factors into the hard functions gauge invariant weighted sums of cut
Feynman diagrams are obtained. These are referred to as gluonic pole cross sections. It
was argued that they appear as the hard functions in weighted azimuthal spin asymmetries,
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where they are folded with the first moments of the Sivers and/or Boer-Mulders function.
This was explicitly demonstrated for back-to-back pion, jet and photon-jet production
in polarized proton-proton scattering. For the latter two processes a phenomenological
study was made at RHIC kinematics. It was concluded that for the weighted azimuthal
asymmetries the gluonic initial and final-state interactions or stated differently, the Wilson
lines, lead to observable effects. In particular, in dijet production they lead to a reduction
of the weighted asymmetry by about a factor two and in photon-jet production to a sign-
flip relative to the ‘generalized parton model’ treatment. It was shown that already in
the unintegrated, unweighted hadronic process the gluonic pole scattering cross sections
appear side by side with the ordinary partonic cross sections as the hard functions.





CHAPTER5
Summary and Outlook

In this thesis an overview was given of recent advancements in the gauge link formalism
for protonic scattering processes with hadronic final states. The gauge links or Wilson
lines are path-ordered exponentials that are required to obtain gauge-invariant definitions
of parton distribution and fragmentation functions. They have come to play an increas-
ingly important role in the theoretical study of single transverse-spin asymmetries AN

and factorization theorems for polarized hadronic processes. Today it is recognized that
they are not just mere operators to obtain gauge invariant definitions of parton distribution
functions, but that they themselves also give rise to single-spin asymmetries (SSA’s), for
instance through the Sivers and Boer-Mulders effects.

To put the developments of the gauge link formalism into a historical context we
have in chapter 2 given a short description of the ingredients of the theory of single-spin
asymmetries that are most relevant for the gauge link formalism. The importance of the
Wilson lines for the theory of single-spin asymmetries relies on the requirement of color
gauge invariance in combination with partonic intrinsic transverse motion. In the last
two decades several mechanisms have been proposed to generate single-spin asymme-
tries through the interplay of a spin vector and the partonic intrinsic transverse momen-
tum. The first of these mechanism was the Sivers effect [105,106], where the single-spin
asymmetry (SSA) arises as the effect of a correlation between the intrinsic transverse mo-
tion of an unpolarized parton and the transverse spin of its parent hadron. The effect is
described by a transverse momentum dependent (TMD) distribution function f ⊥1T (x,p2

T ).
However, based on time-reversal arguments it was expected to vanish [110]. It, then, came
as a surprise when it was shown in 2002 that leading twist spin asymmetries can anyway
be generated in a spectator diquark model where the scattered quark undergoes an addi-
tional gluonic interaction with the target remnants [113]. It was soon realized that the
time-reversal arguments that were used to predict a vanishing Sivers effect were flawed as
they neglected the presence of the Wilson lines. Taking the presence of the Wilson lines
properly into account it was found instead that time-reversal leads to the important con-
clusion that the Sivers functions in SIDIS and Drell-Yan scattering have opposite signs

111
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and that finite Sivers contributions are possible after all [114]. Single-spin effects due to
the Sivers mechanism in SIDIS have in the meantime been observed by several collabo-
rations [120–123]. Other effects that rely on partonic intrinsic transverse motion are the
Collins [110,111] and Boer-Mulders [112] effects.

The remarkable ‘universality’ property of the TMD Sivers functions in SIDIS and
Drell-Yan scattering is a prediction intrinsic to QCD. It follows from the presence of
the Wilson lines or, stated differently, from the gluonic initial and final-state interactions
from which they arise as a resummation effect. Experimental verification of this pre-
diction would be profound support for our understanding of the physics underlying the
generation of spin asymmetries. It could be tested by comparing the signs of the single
transverse-spin asymmetries in SIDIS and Drell-Yan scattering. As stated before, SSA
due to the Sivers mechanism in SIDIS have now been observed by several collaborations.
However, measurements of the single-spin asymmetry in Drell-Yan scattering are lagging
behind due to low statistics of the lepton-antilepton final state relative to purely hadronic
or hadron-photon final states. Also in those processes the gluonic initial and final-state
interactions (the Wilson lines) leave their fingerprints, though the effects are more intri-
cate since the hard functions are more complicated. However, until precise measurements
for the single-spin asymmetries in the ‘gold-plated’ Drell-Yan process become available,
hadronic final states such as dijet p↑p→ j jX or photon-jet p↑p→γ jX production processes
might also be used to test the QCD formalism describing single-spin asymmetries. In
order to study the effects of the gluonic initial and final-state interactions, the gauge link
formalism was extended in this thesis to also include those processes. A diagrammatic
approach was taken that assumes the factorization of the hadronic process in TMD parton
correlators for each of the observed hadrons separately and a hard partonic function con-
taining the lightcone physics. In particular, possible effects due to soft factors were not
taken into account here.

In the basic hadronic processes, SIDIS, Drell-Yan scattering and e+e−-annihilation,
the hard functions are just simple electromagnetic vertices (at tree-level). Depending on
the particular process only initial or final-state gluonic interactions contribute and, cor-
respondingly, only future and past pointing Wilson lines occur. However, when going to
hadronic processes that involve hard functions with more colored external legs, such as
in hadronic dijet or photon-jet production, there can be both initial and final-state glu-
onic interactions. As a result, the Wilson lines will also be more complicated than just
the simple future and past pointing Wilson lines [132]. After repeating the derivation of
the Wilson lines in the basic electromagnetic processes, it was argued in chapter 3 that
in processes where initial as well as final-state interactions play a role the final-state in-
teractions will give rise to future pointing Wilson lines at each of the outgoing partons
as is the case in SIDIS. Similarly, the initial-state interactions will lead to past point-
ing Wilson lines at the incoming partons as in Drell-Yan scattering. The Wilson lines
distributed over the different external partons of the hard function can subsequently be
joined together by making a color-flow decomposition of the hard function, such that they
can be connected along the color-flow lines. In particular this means that the full gauge
link will have a different substructure for each of the color-flow diagrams. More impor-
tantly, it implies that each of the Feynman diagrams that contribute to the hard function
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might have a different gauge link structure [21, 23]. For the TMD distribution functions
this seems to complicate things considerably. However, as was demonstrated in chap-
ter 4 remarkable simplifications occur for the collinear distribution functions. In fact, for
the collinear T -even parton distribution functions all process dependence of the Wilson
lines disappears. For the T -odd distribution functions the effect of the jungle of Wilson
lines is to relate their first transverse moments for different processes by simple color
factors. These factors are determined by the color structure of the Feynman diagrams
of the partonic process. For that reason they are in a natural way associated to the hard
functions in which they can, then, be absorbed. As a result the hard function is given
by a gauge invariant weighted sum of cut Feynman diagrams, rather than the usual sum
of Feynman diagrams representing the partonic scattering cross sections encountered in
spin-averaged processes. These modified hard function are referred to as gluonic pole
scattering cross sections. They appear as the hard functions whenever gluonic pole ma-
trix elements contribute. These are twist-three collinear matrix elements that contain a
field operator corresponding to a zero-momentum gluon. Important examples are the first
moments of the Sivers and Boer-Mulders functions. Typically they contribute in weighted
azimuthal spin asymmetries. Hence, the conclusion of the gauge invariant diagrammatic
approach as it was presented in chapters 3 and 4 is that the effect of the gauge links (or,
equivalently, of the gluonic initial and final-state interactions) for weighted SSA’s is that
the hard functions of these observables will be given by the (manifestly gauge invariant)
gluonic pole cross sections [22,23], rather than the usual partonic cross sections as might
be expected in a ‘generalized parton model approach’.

The effects of the gluonic initial and final-state interactions for the fully TMD treat-
ment of these processes is not so clear-cut. In two recent papers a TMD factorization
formula was proposed for the quark-Sivers contribution to the SSA in dijet production in
proton-proton scattering [127,128]. This formula involves the gluonic pole cross sections
found in refs. [22, 23] as hard functions, but folded with the TMD distribution functions
as measured in SIDIS (i.e. with only future pointing Wilson lines in their operator defini-
tions). In chapter 3 and refs. [21, 23, 132] it was observed that complicated Wilson line
structures occur in the TMD distribution (and fragmentation) functions in such processes.
The work of [21, 23, 132] and [127, 128] could be related by assuming that, in analogy
to the sign-relation between the Sivers functions in SIDIS and Drell-Yan scattering, the
full TMD Sivers functions in different processes can be related to one another by using
the gluonic pole factors, i.e. f ⊥1T (x,p2

T )
⌋

D(ab→cd) =C[D(ab→cd)]
G f⊥1T (x,p2

T )
⌋

SIDIS, where D is
one of the cut Feynman diagrams that contribute to ab→cd scattering. On the other hand,
however, the jungle of Wilson lines found in refs. [21, 23, 132] in conjunction with a
model calculation led the authors of ref. [129] to conclude that factorization with univer-
sal TMD distribution and fragmentation functions is violated in hadron-hadron scattering
with hadronic final states and that factorization theorems in such processes will involve
‘effective’ distribution functions [130]. Future work will have to clarify what the relation
is between the results of the papers in refs. [21–23,127–130,132]. The soft factors which
have been neglected in this manuscript might play an important role in such comparative
studies.

In sections 4.3 and 4.4 the formalism that has been developed was applied to two
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hadronic scattering processes that are under active investigation. Using the azimuthal
imbalance of the outgoing jet pair (p↑p→ j jX) or photon-jet pair (p↑p→γ jX) weighted
single-spin asymmetries have been constructed that involve the gluonic pole cross sec-
tions at leading twist [22–25]. Predictions for the quark-Sivers contribution to these spin-
asymmetries in dijet production have been presented [24], making use of recently acquired
parametrizations [144,157] for the quark-Sivers first-moments (Qiu-Sterman matrix ele-
ments) obtained by fitting to AN data taken at E704, BRAHMS and STAR, and for the
quark-Sivers half-moments obtained by fitting to SSA’s measured at HERMES. First ex-
perimental measurements of this process have been performed at RHIC in 2006 [154,155].
The results seem to indicate that the full QCD treatment, which makes use of gluonic pole
cross sections to account for the competing effects of the gluon initial and final-state inter-
actions, is consistent with the data, while the ‘generalized parton model approach’, which
only uses partonic cross sections, overestimates the measurements [154, 155]. However,
the experimental results are at the same time consistent with vanishing SSA’s in dijet pro-
duction and more measurements to increase statistics in concurrence with more elaborate
theoretical studies would therefore be welcome.

Predictions for the single-spin asymmetry in the similar photon-jet production process
have been made in kinematical regions accessible at RHIC. For these predictions use
was made of parametrizations [136] for the quark-Sivers function obtained by fitting to
HERMES and COMPASS data. The main result is that the effect of the gluon initial
and final-state interactions is to reverse the sign of the spin-asymmetry in the full QCD
treatment compared to the generalized parton model result [25]. This can be understood
intuitively by observing that the dominant partonic channel is qg→γq scattering, where in
the large-N limit the color flows from the initial quark and through the gluon back into the
initial state. There the initial-state interactions lead to the sign flip of the spin asymmetry,
as is also the case in Drell-Yan scattering. However, in the qg→γq process the initial-
state interactions are gluon self-couplings and, hence, the experimental measurement of
the sign flip would be a test of the non-abelian nature of QCD. It is also shown that the
Boer-Mulders and gluon-Sivers effects are too small to affect this conclusion. Therefore,
by measuring the sign of the asymmetry one has a test of the QCD formalism to describe
the generation of single-spin asymmetries that is equally legitimate as the measurement
of the SSA in Drell-Yan scattering.



APPENDIXA
Universality-Breaking Matrix Elements

In this appendix we list the universality-breaking matrix elements (see section 4.1.2). In
order not to clog the notation too much we use the schematic notation introduced at the
end of section 3.1. For the channels that contribute to back-to-back pion production in
proton-proton scattering pp→ππX we only list the quark and/or gluon distribution corre-
lators. As can be seen from the Tables in ref. [21] the TMD correlators of the other partons
are very similar in structure to the correlators considered here and can straightforwardly
be obtained by comparing the results below to the Tables of the stated reference. In par-
ticular the correlators in q̄g→q̄g scattering are simply obtained by comparing to those in
qg→qg scattering. Similarly, the fragmentation correlators in qq̄→gg (gg→qq̄) scattering
can be obtained by comparing to the distribution correlators in gg→qq̄ (qq̄→gg).

qq→ qq

δΦ(qq→qq)(x,pT) ∝ 〈ψ(0)
{ 3

2
Tr[U[�]]

N
U[+] − 1

2
U[�]U[+] − 1

2
U[+] − 1

2
U[−]

}
ψ(ξ) 〉 (A.1)

πδΦ
(qq→qq)
G (x,pT) ∝ 〈ψ(0)

{ 1
2
U[�]U[+] − 1

2
Tr[U[�]]
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}
ψ(ξ) 〉 (A.2)

qq̄→ qq̄

δΦ(qq̄→qq̄)(x,pT) = πδΦ
(qq̄→qq̄)
G (x,pT) ∝ 〈ψ(0)

{ 1
2

Tr[U[�]†]
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U[+]

}
ψ(ξ) 〉 (A.3)

qq̄→ gg

δΦ(qq̄→gg)(x,pT) = πδΦ
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}
ψ(ξ) 〉 (A.4)
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gg→ qq̄

δΓ(gg→qq̄)(x,pT) = −πδΓ(gg→qq̄)
G f

(x,pT) ∝ 〈Tr
[
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N
U[+]†

}

+F(0)U[−]F(ξ)
{1

2
U[+]†−1

2
Tr[U[�]†]

N
U[−]†

} ]
〉 (A.11)

gg→ gg

δΓ(gg→gg)(x,pT) ∝ 〈Tr
[

F(0)U[+]F(ξ)
{1

2
Tr[U[�]†]

N
U[−]†−1

2
U[+]†

}

+F(0)U[−]F(ξ)
{1

2
Tr[U[�]]

N
U[+]†−1

2
U[−]†

} ]
〉 (A.12)
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πδΓ
(gg→gg)
G f

(x,pT) ∝ 〈Tr
[ 1

N2 F(ξ)U[�]†U[+]†F(0)U[�]U[+]

+F(0)U[+]F(ξ)U[+]† Tr[U[�]]
N

Tr[U[�]†]
N

+F(0)U[+]F(ξ)
{ N2+4

2N2 U[+]†−1
2

Tr[U[�]†]
N

U[−]†
}

+F(0)U[−]F(ξ)
{ N2+2

2N2 U[−]†−1
2

Tr[U[�]]
N

U[+]†
} ]
〉 (A.13)

πδΓ
(gg→gg)
Gd

(x,pT) ∝ 0 (A.14)

qg→ qγ

δΦ(qg→qγ)(x,pT) = −πδΦ(qg→qγ)
G (x,pT) ∝ 〈ψ(0)

{ 1
2

Tr[U[�]]
N

U[−] − 1
2
U[−]

}
ψ(ξ) 〉 (A.15)

δ∆(qg→qγ)(z,kT) = πδ∆
(qg→qγ)
G (z,kT) ∝ 0 (A.16)

δΓ(qg→qγ)(x,pT) ∝ 〈Tr
[

F(0)U[+]F(ξ)
{

1
2U[−]†− 1

2U[+]†}

+F(0)U[−]F(ξ)
{

1
2U[+]†− 1

2U[−]†} ] 〉 (A.17)

πδΓ
(qg→qγ)
G f

(x,pT) = πδΓ
(qg→qγ)
Gd

(x,pT) ∝ 0 (A.18)

qq̄→ gγ

δΦ(qq̄→gγ)(x,pT) = πδΦ
(qq̄→gγ)
G (x,pT) ∝ 〈ψ(0)

{ 1
2

Tr[U[�]†]
N

U[+] − 1
2
U[+]

}
ψ(ξ) 〉 (A.19)

δΦ̄(qq̄→gγ)(x,pT) = πδΦ̄
(qq̄→gγ)
G (x,pT) ∝ 〈ψ(0)

{ 1
2

Tr[U[�]]
N

U[+]† − 1
2
U[+]†

}
ψ(ξ) 〉 (A.20)

δ̂Γ (qg→qγ)(z,kT) = πδ̂Γ
(qg→qγ)
G f

(z,kT) = πδ̂Γ
(qg→qγ)
Gd

(z,kT) ∝ 0 (A.21)

qγ∗ → q qq̄→ γ∗

δΦ(qγ∗→q)(x,pT) = πδΦ
(qγ∗→q)
G (x,pT) = 0 (A.22)

δΦ(qq̄→γ∗)(x,pT) = πδΦ
(qq̄→γ∗)
G (x,pT) = 0 (A.23)





APPENDIXB
Gluonic Pole Strengths

D CG(qi)

N2−5
N2−1

N2−5
N2−1

−N2+3
N2−1

−N2+3
N2−1

D CG(qi)

−N2−3
N2−1

N2+1
N2−1

N2+1
N2−1

N2+1
N2−1

Table B.1: Left panel: diagrams that contribute to qq→qq scattering and the gluonic pole strengths
of the incoming quarks. Right panel: diagrams that contribute to qq̄→qq̄ scattering and the glu-
onic pole strengths of the incoming quark. The gluonic pole strengths of the other partons can be
obtained from the above through the relations CG(q f )=−CG(qi) and CG(q̄)=CG(q).
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D CG(q) C( f )
G (gl) C(d)

G (gl)

N4−2N2−1
(N2−1)2

1
N2−1

N2

N2−1

N4−2N2−1
(N2−1)2

1
N2−1 − N2

N2−1

N2+1
N2−1 0 0

N2+1
N2−1 0 1

N2+1
N2−1 0 1

N2+1
N2−1 0 −1

N2+1
N2−1 0 −1

3N2+1
N2−1 −1 0

3N2+1
N2−1 −1 0

D CG(q) C( f )
G (gl) C(d)

G (gl)

−N4−2N2−1
(N2−1)2 − 1

N2−1
N2

N2−1

−N4−2N2−1
(N2−1)2 − 1

N2−1 − N2

N2−1

−N2+1
N2−1 0 0

−N2+1
N2−1 0 1

−N2+1
N2−1 0 1

−N2+1
N2−1 0 −1

−N2+1
N2−1 0 −1

− 3N2+1
N2−1 1 0

− 3N2+1
N2−1 1 0

Table B.2: Left panel: diagrams that contribute to qq̄→gg scattering and the gluonic pole strengths
of the incoming quarks and the lower gluons (gl) in the final state. Right panel: diagrams that
contribute to gg→qq̄ scattering and the gluonic pole strengths of the outgoing quarks and the lower
gluons in the initial state. The gluonic pole strengths of the other partons can be obtained from the
above through the relations CG(q̄)=CG(q), C( f )

G (gu)=C( f )
G (gl) and C(d)

G (gu)=−C(d)
G (gl).
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D CG(qi) C( f )
G (gi) C(d)

G (gi)

− 1
N2−1

1
2

1
2

N4+1
(N2−1)2

N2

N2−1 − 1
N2−1

−N2+1
N2−1 0 1

−N2+1
N2−1 0 1

−N2+1
N2−1 0 1

−N2+1
N2−1 0 1

−N2+1
N2−1 0 1

1 1 0

1 1 0

D C( f )
G (gi) C(d)

G (gi)

1
2 0

1
2 0

0 0

0 0

0 0

0 0

0 0

1 0

1 0

Table B.3: Left panel: diagrams that contribute to qg→qg scattering and the gluonic pole strengths
of the incoming quarks and gluons. Right panel: diagrams without 4-gluon vertices that con-
tribute to gg→gg scattering and the gluonic pole strengths of the incoming gluons. The glu-
onic pole strengths of the other partons can be obtained from the above through the relations
CG(q f )=−CG(qi), C( f )

G (g f )=−C( f )
G (gi) and C(d)

G (g f )=C(d)
G (gi).
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CG(qi)=−N2+1
N2−1 CG(q f )=−1 C( f )

G (g)=0 C(d)
G (g)=1

Table B.4: Diagrams that contribute to qg→qγ scattering and their gluonic pole strengths.

CG(q)=CG(q̄)= N2+1
N2−1 C( f )

G (g)=−1 C(d)
G (g)=0

Table B.5: Diagrams that contribute to qq̄→gγ scattering and their gluonic pole strengths.

CG(qi)=−CG(q f )=1 CG(q)=CG(q̄)=−1 CG(q)=CG(q̄)=1

Table B.6: Gluonic pole strengths in SIDIS, Drell-Yan scattering and e+e−-annihilation.



APPENDIXC
Cross Sections

We list the gluonic pole cross sections that appear at tree-level in proton-proton scattering
with hadronic final states. All cross section are for massless quarks. Their explicit defi-
nitions are given in section 2.7. Other gluonic pole cross sections can be obtained from
those given here by using the symmetries described in section 4.2.

ab→cd
ŝ2

4πα2
S T 2

F

dσ̂ab→cd

dt̂

qq′→qq′
qq̄′→qq̄′

N2−1
2N2

ŝ2+û2

t̂2

qq̄→q′q̄′ N2−1
2N2

t̂2+û2

ŝ2

qq→qq N2−1
2N2

{
ŝ2+û2

t̂2 + ŝ2+t̂2

û2 − 2
N

ŝ2

t̂û

}

qq̄→qq̄ N2−1
2N2

{
ŝ2+û2

t̂2 + t̂2+û2

ŝ2 − 2
N

û2

ŝt̂

}

qg→qg − ŝ2+û2

2ŝû

{
ŝ2+û2

t̂2 − 1
N2

}

gg→qq̄ N
N2−1

t̂2+û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

qq̄→gg N2−1
N

t̂2+û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

gg→gg 2N2

N2−1
(ŝ4+t̂4+û4)(ŝ2+t̂2+û2)

2ŝ2 t̂2û2

ab→cd
ŝ2

4πα2
S T 2

F

dσ̂ab→cd

dt̂

[q]q′→qq′ N2−5
2N2

ŝ2+û2

t̂2

[q]q̄′→qq̄′ −N2−3
2N2

ŝ2+û2

t̂2

[q]q̄→q′q̄′ N2+1
2N2

t̂2+û2

ŝ2

[q]q→qq N2−5
2N2

{
ŝ2+û2

t̂2 + ŝ2+t̂2

û2

}
+ N2+3

2N2
2
N

ŝ2

t̂û

[q]q̄→qq̄ −N2−3
2N2

ŝ2+û2

t̂2 + N2+1
2N2

{
t̂2+û2

ŝ2 − 2
N

û2

ŝt̂

}

[q]g→qg − ŝ2+û2

2ŝû

{
ŝ2

t̂2−N2+1
N2−1

{
û2

t̂2 − 1
N2

}}

gg→[q]q̄ − N
N2−1

t̂2+û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

[q]q̄→gg N2−1
N

t̂2+û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

Table C.1: Unpolarized cross sections (left panel) and gluonic pole cross sections when the gluonic
pole is contributed by a quark (right panel).
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ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂ab→cd

dt̂

qLq′→qLq′
qLq̄′→qLq̄′

N2−1
2N2

ŝ2+û2

t̂2

qLq′→qq′L
qLq′L→qq′
qq′→qLq′L

N2−1
2N2

ŝ2−û2

t̂2

qLq̄′→qq̄′L
qLq̄′L→qq̄′
qq̄′→qLq̄′L

N2−1
2N2

ŝ2−û2

t̂2

qLq̄→q′Lq̄′ −N2−1
2N2

t̂2−û2

ŝ2

qLq̄→q′q̄′L
N2−1
2N2

t̂2−û2

ŝ2

qLq̄L→q′q̄′
qq̄→q′Lq̄′L

−N2−1
2N2

t̂2+û2

ŝ2

qLq→qLq N2−1
2N2

{
ŝ2+û2

t̂2 + ŝ2−t̂2

û2 − 2
N

ŝ2

t̂û

}

qLqL→qq
qq→qLqL

N2−1
2N2

{
ŝ2−û2

t̂2 + ŝ2−t̂2

û2 − 2
N

ŝ2

t̂û

}

qLq̄→qLq̄ N2−1
2N2

{
ŝ2+û2

t̂2 − t̂2−û2

ŝ2 − 2
N

û2

ŝt̂

}

qLq̄→qq̄L
N2−1
2N2

{
ŝ2−û2

t̂2 + t̂2−û2

ŝ2 + 2
N

û2

ŝt̂

}

qLq̄L→qq̄
qq̄→qLq̄L

N2−1
2N2

{
ŝ2−û2

t̂2 − t̂2+û2

ŝ2 + 2
N

û2

ŝt̂

}

ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂ab→cd

dt̂

qLg→qLg
qgL→qgL

− ŝ2+û2

2ŝû

{
ŝ2+û2

t̂2 − 1
N2

}

qLg→qgL

qgL→qLg
qLgL→qg
qg→qLgL

− ŝ2−û2

2ŝû

{
ŝ2+û2

t̂2 − 1
N2

}

gLg→qLq̄ − N
N2−1

t̂2−û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

gLg→qq̄L
N

N2−1
t̂2−û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

gg→qLq̄L

gLgL→qq̄ − N
N2−1

t̂2+û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

qLq̄→gLg −N2−1
N

t̂2−û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

qq̄L→gLg N2−1
N

t̂2−û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

qLq̄L→gg
qq̄→gLgL

−N2−1
N

t̂2+û2

2t̂û

{
t̂2+û2

ŝ2 − 1
N2

}

gLg→gLg 2N2

N2−1
(ŝ4−t̂4+û4)(ŝ2+t̂2+û2)

2ŝ2 t̂2û2

gLgL→gg
gg→gLgL

2N2

N2−1
(ŝ4−t̂4−û4)(ŝ2+t̂2+û2)

2ŝ2 t̂2û2

Table C.2: Longitudinally polarized cross sec-
tions.



appendix
C

:cross
sections

125

ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂ab→cd

dt̂

[qL]q′→qLq′ N2−5
2N2

ŝ2+û2

t̂2

[qL]q̄′→qLq̄′ −N2−3
2N2

ŝ2+û2

t̂2

[qL]q′→qq′L
[qL]q′L→qq′
[q]q′→qLq′L

N2−5
2N2

ŝ2−û2

t̂2

[qL]q̄′→qq̄′L
[qL]q̄′L→qq̄′
[q]q̄′→qLq̄′L

−N2−3
2N2

ŝ2−û2

t̂2

[qL]q̄→q′Lq̄′ −N2+1
2N2

t̂2−û2

ŝ2

[qL]q̄→q′q̄′L
N2+1
2N2

t̂2−û2

ŝ2

[qL]q̄L→q′q̄′
[q]q̄→q′Lq̄′L

−N2+1
2N2

t̂2+û2

ŝ2

[qL]q→qLq N2−5
2N2

{
ŝ2+û2

t̂2 + ŝ2−t̂2

û2

}
+ N2+3

2N2
2
N

ŝ2

t̂û

[qL]qL→qq
[q]q→qLqL

N2−5
2N2

{
ŝ2−û2

t̂2 + ŝ2−t̂2

û2

}
+ N2+3

2N2
2
N

ŝ2

t̂û

[qL]q̄→qLq̄ −N2−3
2N2

ŝ2+û2

t̂2 −N2+1
2N2

{
t̂2−û2

ŝ2 + 2
N

û2

ŝt̂

}

[qL]q̄→qq̄L −N2−3
2N2

ŝ2−û2

t̂2 + N2+1
2N2

{
t̂2−û2

ŝ2 + 2
N

û2

ŝt̂

}

[qL]q̄L→qq̄
[q]q̄→qLq̄L

−N2−3
2N2

ŝ2−û2

t̂2 + N2+1
2N2

{
− t̂2+û2

ŝ2 + 2
N

û2

ŝt̂

}

ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂ab→cd

dt̂

[qL]g→qLg
[q]gL→qgL

− ŝ2+û2

2ŝû

{
ŝ2

t̂2−N2+1
N2−1

{
û2

t̂2 − 1
N2

}}

[qL]g→qgL

[q]gL→qLg
[qL]gL→qg
[q]g→qLgL

− ŝ2−û2

2ŝû

{
ŝ2

t̂2−N2+1
N2−1

{
û2

t̂2 − 1
N2

}}

gLg→[qL]q̄ N
N2−1

t̂2−û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

gLg→[q]q̄L − N
N2−1

t̂2−û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

gg→[qL]q̄L

gLgL→[q]q̄
N

N2−1
t̂2+û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

[qL]q̄→gLg N2−1
N

t̂2−û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

[q]q̄L→gLg −N2−1
N

t̂2−û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

[qL]q̄L→gg
[q]q̄→gLgL

N2−1
N

t̂2+û2

2t̂û

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

Table C.3: Longitudinally polarized gluonic pole cross
sections when the gluonic pole is contributed by a quark.
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ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂ab→cd

dt̂

q↑q′→q↑q′
q↑q̄′→q↑q̄′ −N2−1

N2
ŝû
t̂2

q↑q̄↑→q′q̄′
qq̄→q′↑q̄′↑ −N2−1

N2
t̂û
ŝ2

q↑q↑→qq
qq→q↑q↑
q↑q̄→qq̄↑

−N2−1
N3

q↑q→q↑q −N2−1
N3

ŝ(Nû−t̂)
t̂2

q↑q̄→q↑q̄ −N2−1
N3

û(Nŝ−t̂)
t̂2

q↑q̄↑→qq̄
qq̄→q↑q̄↑ −N2−1

N3
û(Nt̂− ŝ)

ŝ2

q↑g→q↑g
qg↑→qg↑

ŝ2+û2

t̂2 − 1
N2

gg→q↑q̄↑
g↑g↑→qq̄ − N

N2−1

{
t̂2+û2

ŝ2 − 1
N2

}

q↑q̄↑→gg
qq̄→g↑g↑ −N2−1

N

{
t̂2+û2

ŝ2 − 1
N2

}

g↑g→g↑g 2N2

N2−1
ŝ2+t̂2+û2

t̂2

g↑g↑→gg
gg→g↑g↑

2N2

N2−1
ŝ2+t̂2+û2

ŝ2

Table C.5: Transversally polarized
gluonic pole cross sections when
the gluonic pole is contributed by a
quark.

Table C.4: Transversally polarized
cross sections.

ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂ab→cd

dt̂

[q↑]q′→q↑q′ −N2−5
N2

ŝû
t̂2

[q↑]q̄′→q↑q̄′ N2−3
N2

ŝû
t̂2

[q↑]q̄↑→q′q̄′
[q]q̄→q′↑q̄′↑ −N2+1

N2
t̂û
ŝ2

[q↑]q↑→qq
[q]q→q↑q↑

N2+3
N3

[q↑]q̄→qq̄↑ −N2+1
N3

[q↑]q→q↑q − ŝ
t̂2

{
N2−5

N3 Nû+ N2+3
N3 t̂

}

[q↑]q̄→q↑q̄ û
t̂2

{
N2−3

N3 Nŝ+ N2+1
N3 t̂

}

[q↑]q̄↑→qq̄
[q]q̄→q↑q̄↑ −N2+1

N3
û(Nt̂− ŝ)

ŝ2

[q↑]g→q↑g
[q]g↑→qg↑

ŝ2

t̂2−N2+1
N2−1

{
û2

t̂2 − 1
N2

}

gg→ [q↑]q̄↑
g↑g↑→[q]q̄

N
N2−1

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}

[q↑]q̄↑→gg
[q]q̄→g↑g↑ −N2−1

N

{
N2+1
N2−1

t̂2+û2

ŝ2 − 3N2+1
N2−1

1
N2

}
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ab→cd
ŝ2

4πα2
S T 2

F

dσ̂( f )
ab→cd

dt̂
ŝ2

4πα2
S T 2

F

dσ̂(d)
ab→cd

dt̂

q[g]→qg − ŝ2+û2

2ŝû
ŝ2

t̂2 − ŝ2+û2

2ŝû

{
û2

t̂2 − 1
N2

}

[g]g→qq̄ − N
N2−1

t̂2+û2

2t̂û
1

N2 − N
N2−1

t̂2+û2

2t̂û
t̂2−û2

s2

qq̄→[g]g N2−1
N

t̂2+û2

2t̂û
1

N2 −N2−1
N

t̂2+û2

2t̂û
t̂2−û2

s2

[g]g→gg 2N2

N2−1
(ŝ2+t̂2+û2)2

4t̂2 û2 0

Table C.6: Unpolarized gluonic pole cross sections when the
gluonic pole is contributed by a gluon.

Table C.7: Longitudinally polarized gluonic pole
cross sections when the gluonic pole is contributed
by a gluon.
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2ŝû
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N
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N
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ŝ2
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2ŝ2 t̂2û2 0
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2N2
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128
appendix

C
:cross

sections

ab→cd
ŝ2

4πα2
S T 2

F

d∆σ̂
( f )
ab→cd

dt̂
ŝ2

4πα2
S T 2

F

d∆σ̂(d)
ab→cd

dt̂

q↑[g]→q↑g
q[g↑]→qg↑

ŝ2

t̂2
û2

t̂2 − 1
N2

[g]g→q↑q̄↑
[g↑]g↑→qq̄

N
N2−1

1
N2

N
N2−1

t̂2−û2

ŝ2

q↑q̄↑→[g]g
qq̄→[g↑]g↑ −N2−1

N
1

N2
N2−1

N
t̂2−û2

ŝ2

[g↑]g↑→gg
[g]g→g↑g↑

2N2

N2−1 0

[g↑]g→g↑g 2N2

N2−1
ŝ2

t̂2 0

Table C.8: Transversally polarized gluonic pole cross sections when
the gluonic pole is contributed by a gluon.



Samenvatting
Azimuthale spin asymmetrieën in hadronische processen

Het onderzoeksgebied dat soms wordt aangeduid als ‘spinfysica’ houdt zich bezig
met de studie naar de rotatie-eigenschappen van kerndeeltjes. Het is een onderzoeksge-
bied dat in recente jaren een grote ontwikkeling heeft doorgemaakt. In dit proefschrift
wordt specifiek ingegaan op die ontwikkelingen die te maken hebben met de intrinsieke
bewegingen van de quarks en gluonen, de bouwstenen van de kerndeeltjes, in samenspel
met de ijksymmetrie van de onderliggende bewegingsvergelijkingen.

De deeltjesfysica onderzoekt de structuur van de materie in termen van de elemen-
taire bouwstenen. De materie om ons heen is opgebouwd uit ruim honderd atomen, die
weer bestaan uit positief geladen atoomkernen en negatief geladen elektronen die om de
atoomkernen heen ‘bewegen’. In de eerste helft van de twintigste eeuw is men zich gaan
realiseren dat de atoomkernen bestaan uit positief geladen protonen en ongeladen neutro-
nen. Deze deeltjes hebben echter nog een fijnere substructuur en zijn op hun beurt weer
opgebouwd uit quarks en gluonen. Deze worden ook wel met de verzamelnaam ‘par-
tonen’ aangeduid. Op dit moment zijn er geen experimentele aanwijzingen dat de quarks
en gluonen uit nog weer andere deeltjes zijn opgebouwd. In het standaardmodel van de
deeltjesfysica worden ze dan ook beschouwd als elementaire deeltjes, samen met de elek-
tronen, de muonen en tauonen (de zwaardere broertjes van de elektronen), neutrino’s, de
fotonen en de zogenaamde zwakke ijkbosonen. Deeltjes die net als de protonen en neutro-
nen zijn opgebouwd uit quarks en gluonen worden hadronen genoemd. De hoge energie
fenomenologie, het vakgebied waarbinnen dit proefschrift zich afspeelt, houdt zich bezig
met de vraag hoe de eigenschappen van de hadronen voortvloeien uit het samenspel van
de quarks en gluonen.

Een belangrijke complicerende factor hierbij is dat een hadron geen gebonden systeem
is van een vast aantal elementaire deeltjes. Een hadron is meer een soort van borrelende
zee waar voortdurend nieuwe quarks en gluonen verschijnen en verdwijnen. Dit maakt
de studie naar hun structuur bij uitstek lastig, maar tegelijkertijd ook erg interessant en
uitdagend. Om de structuur van de kerndeeltjes met typische afmetingen van een tien-
miljoenste deel van een millimeter te onderzoeken zijn microscopen nodig die vele malen
krachtiger zijn dan de conventionele lichtmicroscopen. De ‘microscopen’ van de deel-
tjesfysica zijn grote deeltjesversnellers waar genoeg energie opgewekt kan worden om tot
de structuur van de kerndeeltjes door te dringen. In deze versnellers worden deeltjes met
hoge energieën op elkaar geschoten. Die zullen vervolgens in het algemeen fragmenteren
in bundels (ofwel ‘jets’) van deeltjes. Door te observeren wat de resultaten van dergelijke
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botsingsexperimenten zijn en door dit te vergelijken met theoretische voorspellingen voor
de werkzame doorsnede (de waarschijnlijkheid van het proces) is veel te leren over de
structuur van de kerndeeltjes.

Een uitdagend onderwerp is de vraag waar de polarisatie van de hadronen vandaan
komt. Veel van de subatomaire deeltjes hebben een eigenschap genaamd ‘spin’. Dit is
een soort rotatie beweging, een intrinsieke beweging die zelfs in de afwezigheid van een
translationele beweging nog aanwezig is (in zekere zin te vergelijken met de rotatie van
een tol om zijn as). De interesse in de vraag hoe de spin van het proton voortvloeit uit
de bewegingen van de quarks en gluonen komt met name door de verassende observatie
dat de spins van de quarks slechts ongeveer dertig procent van de spin van het proton
veroorzaken. Sinds deze observatie is veel experimenteel zowel als theoretisch onderzoek
erop gericht de rotatie-structuur van het proton te ontrafelen.

Een speciale rol in deze studie spelen de azimuthale spin asymmetrieën. Azimuthale
asymmetrieën zijn een maat voor de spin-afhankelijkheid van verstrooiingsprocessen.
In het algemeen zijn deze observabelen gedefinieerd als het verschil van de werkzame
doorsneden met tegenovergestelde polarisaties, oftewel spin oriëntaties, gedeeld door hun
som. Als gevolg van een polarisatie van één of meerdere van de botsende hadronen kan
een niet-uniforme verdeling van eindtoestanden ontstaan, zodat de azimuthale asymme-
trieën een waarde ongelijk aan nul kunnen aannemen. Als zodanig zijn het uitgelezen
observabelen om de polarisatiestructuur van de hadronen te onderzoeken.

De studie van de transversale (= loodrecht op de bewegingsrichting) polarisatie eigen-
schappen kreeg een belangrijke stimulans toen grote azimuthale asymmetrieën werden
geobserveerd in processen waar twee protonen met hoge energie op elkaar werden gebotst.
Dit soort asymmetrieën werden ook geobserveerd voor deeltjes met een grote impulscom-
ponent loodrecht ten opzichte van de bundel-as. Dat is een belangrijk gegeven, omdat in
dat geval wordt verwacht dat het hadronische proces gezien kan worden als een partonisch
verstrooiingsproces vermenigvuldigd met de waarschijnlijkheidsverdelingen om de par-
tonen in de hadronen te vinden. Deze verdelingsfuncties worden parton distributie en
fragmentatie functies genoemd. Er wordt verondersteld dat deze functies universeel zijn,
dat wil zeggen, onafhankelijk van het specifieke verstrooiingsproces. De voorspellende
waarde van dit theoretische model leunt in belangrijke mate op deze aanname. Immers,
als de distributiefuncties in een specifiek proces gemeten zijn, dan kunnen die resultaten
gebruikt worden om voorspellingen te doen voor andere processen.

Dit is een model dat voor ongepolariseerde hadronische verstrooiingsprocessen al erg
succesvol is gebleken. De intuı̈tieve verantwoording van dit gezichtspunt gaat ervan uit
dat bij hoge energieën de golflengtes van de verstrooiiende deeltjes klein genoeg worden
om afzonderlijke partonen te ‘zien’. Echter, dit beeld op zich kan het ontstaan van azi-
muthale spin asymmetrieën niet verklaren. Dat kan wel als er wordt aangenomen dat de
partonen nog extra zachte gluonen (dat zijn gluonen met een verwaarloosbaar kleine im-
puls) uitwisselen voordat of nadat ze de hoog energetische verstrooiing ondergaan. Deze
zachte gluonen zorgen er tegelijkertijd voor dat de golffuncties van de quarks een fase
factor, ookwel Wilson lijn genoemd, oppikken. Dat is een essentiële observatie, omdat de
Wilson lijnen vereist zijn om de definities van de parton distributie functies onafhanke-
lijk te maken van ijktransformaties. De quarks en gluonen hebben een quantumgetal dat
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‘kleur’ wordt genoemd. De onderliggende veldentheorie die de bewegingseigenschappen
van de partonen beschrijft is onafhankelijk van rotaties van dit quantumgetal. Het model
voor hadronische verstrooiingsprocessen moet deze ijksymmetrie daarom ook hebben.
Het is een belangrijk gegeven dat de zachte gluonen die ervoor zorgen dat dit inderdaad
het geval is tegelijkertijd ook een bron zijn voor azimuthale spin asymmetrieën.

In de jaren negentig van de twintigste eeuw zijn er enkele mechanismen voorgesteld
voor het verklaren van azimuthale spin asymmetrieën. Het Sivers en het Boer-Mulders
effect zijn mechanismen waarbij de asymmetrie gezien wordt als het gevolg van een inter-
actie tussen de intrinsieke beweging van de partonen en de polarisatie van het proton of de
quark. Het bestaan van het Sivers en het Boer-Mulders effect berust op de aanwezigheid
van de zachte gluonen en de Wilson lijnen. Echter, de zachte gluonen leiden wel tot op-
merkelijke conclusies aangaande de universaliteit van de parton distributie functies die
deze effecten beschrijven. Het volgt dat ze niet universeel zijn in de strikte zin dat ze
in elk proces exact hetzelfde zijn. Zo hebben ze in elektron-proton verstrooiing met een
pion in de eindtoestand ep→e′πX bijvoorbeeld een omgekeerd teken als in proton-proton
verstrooiing met een elektron-positron paar in de eindtoestand pp→eēX (het positron
is het antideeltje van het elektron). Dit is een belangrijke conclusie die inherent is aan
de veldentheoretische beschrijving van hadronische verstrooiingsprocessen. Het is een
direct gevolg van de intrinsieke beweging van partonen en de ijksymmetrie van het theo-
retische model. Een experimentele bevestiging van deze voorspelling zou een belangrijke
ondersteuning zijn voor de veldentheoretische beschrijving van hadronische spin asym-
metrieën. Het kan bijvoorbeeld geverifieërd worden door de tekens van de azimuthale
spin asymmetrieën in de twee genoemde processen met elkaar te vergelijken. Spin asym-
metrieën in ep→e′πX zijn nu geobserveerd, maar voor het andere proces, pp→eēX, is dat
nog niet het geval. Dat komt doordat de productie van een elektron-positron paar een re-
latief zeldzame gebeurtenis is in proton-proton verstrooiing ten opzichte van bijvoorbeeld
twee-jet of foton-jet productie.

Dit manuscript verbreedt het formalisme waarin het ontstaan van azimuthale spin
asymmetrieën wordt verklaard aan de hand van de interacties met zachte gluonen. Daar-
door is het ook toepasbaar op de genoemde twee-jet en foton-jet productie processen. Er
is geobserveerd dat dit leidt tot erg ingewikkelde structuren voor de Wilson lijnen die de
quark en gluonvelden oppikken in de distributie functies van niet-collineaire partonen.
Het werd beargumenteerd dat voor de distributie en fragmentatie functies van collineaire
partonen (partonen die in dezelfde richting bewegen als het hadron) de gevolgen van de
interacties met zachte gluonen echter heel simpel zijn. In het collineaire geval kunnen de
distributie functies in verschillende processen simpelweg aan elkaar gerelateerd worden
met behulp van kleurfactoren die afhangen van de structuur van het onderliggende par-
tonische verstrooiingsproces. Deze factoren zijn daarom op een natuurlijke manier met
het partonische proces geassocieerd. Als gevolg daarvan wordt het hoog-energetische
partonische subproces van een hadronische verstrooiing niet langer gegeven door par-
tonische werkzame doorsneden, maar door aangepaste werkzame doorsneden die nu extra
kleurfactoren omvatten. Voor azimuthale spin asymmetrieën in processen als twee-jet en
photon-jet productie zijn in het verleden al voorspellingen gedaan die gebruik maakten
van de bekende partonische werkzame doorsneden. Dit wordt soms het gegeneraliseerde
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parton model genoemd. Zoals beargumenteerd in dit proefschrift neemt deze aanpak de
vereiste aanwezigheid van zachte gluonen en Wilson lijnen niet in beschouwing. Door de
aangepaste werkzame doorsneden te gebruiken kunnen deze nu wel meegenomen worden.
Deze aanpak leidt tot andere voorspellingen voor hadronische processen dan het geval zou
zijn in het simpele parton model. Daardoor zijn de twee situaties experimenteel van elkaar
te onderscheiden. In het bijzonder leiden de interacties met zachte gluonen ertoe dat de
azimuthale asymmetrie voor twee-jet productie ongeveer een factor twee kleiner is dan in
het parton model wordt verwacht. In 2006 zijn de eerste metingen voor deze spin asym-
metrie gedaan by RHIC, een deeltjesversneller in de Verenigde Staten. Door de reductie
met een factor twee zijn de theoretische en experimentele resultaten weer consistent met
elkaar, wat niet het geval was met de eerdere theoretische voorspellingen die niet al de
interacties met zachte gluonen in beschouwing namen. Ook foton-jet productie in proton-
proton verstrooiing is onderzocht. Voor dit proces is de conclusie dat de interacties met
zachte gluonen ertoe leiden dat de spin asymmetrie net als in het eerder genoemde proces
pp→eēX van teken omwisselt. Deze resultaten bieden een nieuwe experimentele test voor
het veldentheoretische formalisme voor de beschrijving van azimuthale asymmetrieën.
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